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ABSTRACT
Very often, critical quantities related to safety, product quality and economic performance of a
chemical process cannot be measured on line. In an attempt to overcome the challenges caused by
inadequate on-line measurements, state estimation provides an alternative approach to reconstruct
the unmeasured state variables by utilizing available on-line measurements and a process model.
Chemical processes usually possess strong nonlinearities, and involve different types of measure-
ments. It remains a challenging task to incorporate multiple measurements with different sampling
rates and different measurement delays into a unified estimation algorithmic framework.
This dissertation seeks to present developments in the field of state estimation by providing the
theoretical advances in multi-rate multi-delay observer design. A delay-free multi-rate observer is
first designed in linear systems under asynchronous sampling. Sufficient and explicit conditions in
terms of maximum sampling period are derived to guarantee exponential stability of the observer,
using Lyapunov’s second method. A dead time compensation approach is developed to compensate
for the effect of measurement delay. Based on the multi-rate formulation, optimal multi-rate ob-
server design is studied in two classes of linear systems where optimal gain selection is performed
by formulating and solving an optimization problem. Then a multi-rate observer is developed in
nonlinear systems with asynchronous sampling. The input-to-output stability is established for the
estimation errors with respect to measurement errors using the Karafyllis-Jiang vector small-gain
theorem. Measurement delay is also accounted for in the observer design using dead time compen-
sation. Both the multi-rate designs in linear and nonlinear systems provide robustness with respect
to perturbations in the sampling schedule.
Multi-rate multi-delay observer is shown to be effective for process monitoring in polymeriza-
tion reactors. A series of three polycondensation reactors and an industrial gas-phase polyethylene
reactor are used to evaluate the observer performance. Reliable on-line estimates are obtained from
the multi-rate multi-delay observer through simulation.
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1. INTRODUCTION
Process system engineering is a discipline that develops theoretical approaches, computational
techniques, and computer-aided tools for modeling, design, optimization, and control of complex
engineering systems. State estimation, as a branch of the discipline, uses computational algorithms
to reconstruct the state or a functional of the state of a dynamic system and thus, places less reliance
on hardware sensors needed in a system. As a result, the cost of device installation and maintenance
is greatly reduced. In addition, it is very rare in practice that all the state variables are available via
direct on-line1 measurements, especially in chemical processes. In most cases, there is a substantial
need for accurate estimation of the unmeasurable state variables in real time, which may be used in
process monitoring, model-based controller synthesis, and early detection of operational problems
[4]. State estimation, as a soft sensor technique, opens up possibilities to tackle the aforementioned
tasks by using available on-line measurements and a process model. However, a chemical process
usually involves different types of measurements, and it remains a challenging and critical task to
incorporate multiple measurements with different sampling rates and different measurement delays
into the same estimator design, in a unified algorithmic framework.
To this extent, this dissertation presents developments in the field of state estimation by provid-
ing the theoretical advances in multi-rate multi-delay state observer design, and several simulation
case studies with focus on polymerization reactors, which are selected as the application area of
the theoretical developments.
1.1 Background and Motivation
The increasingly competitive chemical industry urges innovative smart manufacturing of prod-
ucts in large quantities, with desired quality, and in a cost-effective and sustainable manner. Energy-
efficient operations can often be realized by integration of process design, mathematical modeling,
optimization, and process control. The objective of control is to address problems of process stabi-
1On line means that the techniques have been designed for continuous operation in a production process or at least
appear qualified for such use in the foreseeable future [3].
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lization and regulation as well as enhancement of the stability properties and system performance.
However, the implementation of feedback control laws in a plant often requires the availability of
all state variables for direct on-line measurements. In practice, despite the fact that some physical
variables (e.g., temperature, pressure, flow rate, liquid level) can be directly measured on line, crit-
ical variables related to safety, product quality, and economic performance of a chemical process
usually cannot be measured on line. For example, product quality indices (e.g., molecular weight,
melt index, tear strength, elastic modulus) cannot be measured in real time because of the compli-
cated and slow measurement techniques needed or simply the technical limitations to measure the
quality indices until the final product is formulated or used [5]. Hence, it is extremely difficult to
control and monitor product quality without efficient and reliable on-line measurements.
Polymerization reactors belong to a class of processes where control and monitoring of product
quality are limited by the lack of reliable and robust on-line polymer characterization instruments.
Some product quality measurements (e.g., melt viscosity, polymer structure properties, mechanical
strength) may be available from off-line lab analysis, during the course or at the end of a reaction.
However, infrequent sampling and large measurement delays, caused by the off-line analysis, often
prevent operators from making decisions that maintain high product quality and safe operation in a
timely manner. Consequently, there is a desperate need for the development of new on-line sensors
for product quality monitoring [6, 7]. Comprehensive literature surveys of recent advances in the
development of on-line hardware sensors for monitoring polymerization reactions were presented
in [3, 8], which provided guidance to both academia and industry on the selection of sensors for
different applications. Although technological advancements in electronics and materials have led
to a new generation of sensor products, the development of on-line sensor technology is still slow
due to its multi-disciplinary requirements (e.g., statistics, mathematical modeling, polymer chem-
istry, electronics, instrumentation) and the complex nature of polymerization systems. Apart from
the developments in sensors, efforts have been made to find the qualitative and quantitative rela-
tionships between the difficult-to-measure polymer properties (e.g., drawing behavior, mechanical
strength) and the easier-to-measure fundamental polymer properties (e.g., composition, density, re-
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fractive index, molecular weight) [9–15]. In many cases, the relationships are based on experience
without theoretical justification, and thus could be very application-specific.
In an attempt to overcome some of the problems caused by inadequate on-line measurements,
state estimation methods have gained a lot of attentions because of low cost, ease of implementa-
tion, and reliability of estimation. In a state-space representation, state variables are those variables
that uniquely describe the state of a system at any given time. In other words, the state of a system
can be uniquely determined once all the state variables are known to us. State estimation is a type
of soft sensor that utilizes computational algorithms to reconstruct the unmeasured state variables
by using available on-line measurements and a process model. Effective control and monitoring of
a polymerization reactor can be achieved if reliable real-time information on the state variables are
available. As previously mentioned, a representative mathematical model of the process is required
to perform the estimation task, as the model describes the quantitative relationships among all the
state variables. A significant amount of studies have been carried out in the area of modeling and
simulation of polymerization reactors in the last forty years. Ray [16] and Kiparissides [17] gave
a broad overview of different polymerization processes and mathematical modeling approaches.
Because of the complexity in polymerization mechanisms and the presence of different lengths of
polymer chains in the reaction mixture, detailed models generally contain too many state variables.
Moreover, the dynamics described by ordinary (or partial) differential equations are highly coupled
and nonlinear in nature.
Obviously, mechanism models are too complex to be used in process control and optimization
applications. To guarantee solvable solutions and avoid heavy computational burden, it is desirable
to develop and use dynamic models that are simple in mathematical structure, yet capable of ade-
quately capturing the essential process characteristics. It was presented in [18] that the method of
moments can be applied in a batch solution polymerization to reduce the original infinite number
of differential equations to a tractable set of fewer nonlinear differential equations, which became
favorable for control and optimization purpose. Other representative pieces of work from the lit-
erature can be found in [19–24], where simplified polymerization models were adopted to develop
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feasible control strategies.
There are many survey papers in the literature which reviewed the principal difficulties and the
applications of advanced control and estimation techniques in polymerization reactors [6,7,25–28].
Since early 1980’s, a lot of efforts have been made to design and employ nonlinear state estimators
in free radical polymerization reactors, as the commercial on-line size exclusion chromatography
and other advanced measurements became available. The extended Kalman filter (EKF) has been
widely used in chemical processes (including polymerization reactors) and achieved good perfor-
mance [20,29–41]. However, the EKF has its inherent disadvantages: (i) the error convergence and
stability properties are difficult to analyze mathematically; (ii) it is computationally demanding as
the covariance matrix and the states need to be integrated at each time step; (iii) it could even fail to
converge because of the local linearization approximation, unless a good initial guess of the states
is provided [42–44].
Apart from the EKF, observer methods provide an alternative approach to estimate the unmea-
sured state variables, where the convergence properties can be established mathematically in most
studies. Several observer design methods have been proposed and implemented in polymerization
reactors [45–49], including high-gain observers [50, 51]. The results in [49] clearly demonstrated
the promise of using a nonlinear observer over the EKF in a solution homo-polymerization reactor.
Although temperature and density are usually sampled frequently and are available without delay,
most of the product quality measurements have relatively low sampling rates and significant output
delays. Despite the slow sampling rate and measurement delay, the measurements that provide im-
portant quality information on the products, must be incorporated in an intelligent manner together
with the fast-sampled measurements, to make the entire system observable as well as improve the
estimation accuracy [52].
1.2 Literature Review
Several studies within the literature have investigated state estimation methods for various sys-
tems, e.g., linear and nonlinear systems, continuous-time and sampled-data systems, deterministic
and stochastic processes. In general, most soft sensors can be classified into two classes, namely,
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model-based and data-driven. The model-based soft sensor is developed based on the knowledge
of a first-principle model that captures the evolution of physical and chemical phenomena in the
process. The data-driven soft sensor has recently gained in popularity in the process industry with
increasing amount of available data and rapid growth of computing power. This section will high-
light some of these studies with focus on the model-based methods.
1.2.1 Model-Based Soft Sensors
A wide variety of approaches for model-based state estimation in linear and nonlinear systems
have been proposed in the literature. Some commonly used methods are summarized in Table 1.1.
This section will provide a brief overview of Bayesian filters, state observers, and moving horizon
estimators as well as their applications in chemical processes. Proper techniques should be selected
for estimator design and implementation according to the estimator properties and the features of
particular applications.















Table 1.1: Some commonly used model-based state estimation methods.
Dating back to the 1960’s, the classic Kalman filter [53, 54] and Luenberger observer [55–58]
were developed as effective methods for on-line state estimation, as long as the process dynamics is
approximately linear. The Kalman filter is a stochastic and recursive estimator2 for linear systems
2A recursive filtering approach means that received data can be processed sequentially rather than as a batch so that
it is not necessary to store the complete dataset nor to reprocess existing data if a new measurement becomes available
[59].
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where additive Gaussian noises are considered in process model and measurement model. Hence,
the word “filter” is used here to represent the process of finding the best estimates from noisy data
which amounts to “filtering out” the noise. The Kalman filter consists of two steps, i.e., prediction
and update. The prediction step uses the process model to predict forward the probability density
function of the state so that the a priori estimate for the next time step can be obtained. The update
step incorporates the most-recent measurement into the a priori estimate to obtain an improved a
posteriori estimate, which is achieved by using Bayes’ theorem. Such a filter provides the estimate
that tries to minimize the a posteriori error covariance in the least squares sense by choosing a gain
matrix carefully, which weighs the relative uncertainty in the process and the measurement. In this
respect, the Kalman filter is an optimal estimator [60,61]. It is worthwhile to mention that the first
publicly known application of Kalman filter was made during the feasibility studies for the Apollo
space program (see [62] for more details).
The Luenberger observer was first proposed in [55] and further developed in [56] for continuous-
time linear time-invariant (LTI) systems. The observer itself is an LTI system driven by the inputs
and outputs of the system it estimates. It is used to reconstruct the system state or a constant linear
transformation of the state in a deterministic setting, which is distinguished from the Kalman filter.
There is a great deal of freedom in the observer design such as convergence rate and dimensionality.
A full-order observer, which reconstructs the entire state vector of the observed system, possesses
a certain degree of redundancy, because part of the state vector is available by direct measurement.
This redundancy can be eliminated and an observer of lower dimension can be constructed. Notice
that even though most of the results in this dissertation were developed in a reduced-order observer
formulation, the methodology can be applied to full-order observer formulation under appropriate
modifications. Now it is important to consider the effect of an observer on the closed-loop stability
properties of the system once the actual state in the control law is replaced by the estimate. It was
shown in [55] that an observer has no effect on the poles of the original state feedback other than
adding the poles of the observer. Hence, the design of state feedback and the design of state esti-
mator can be carried out independently, which is known as the separation property. In practice, the
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eigenvalues of the observer are selected to be negative (usually more negative than the eigenvalues
of the observed system), so that the observer state will converge to the state of the observed system
[57]. However, there is a trade-off between the convergence rate of the observer and the estimation
accuracy affected by measurement noise. The optimal pole placement of observer is not a simple
problem, which should be based on the criteria such as noise level, parameter variation, reliability,
and ease of synthesis [56]. A rigorous approach for observer design by optimizing an appropriate
performance index will also be discussed in this dissertation.
It is well-known that linear state estimators can be inadequate in the presence of process non-
linearities. For this reason, there have been many research efforts over the past decades to develop
nonlinear estimators for chemical processes, which take the nonlinear process model and account
for the nonlinear dynamic behavior [4,5,63–70]. Along the lines of the Kalman filter, one approach
that has been tried by many researchers and industrial practitioners in an attempt to handle process
nonlinearities is the EKF [71–88]. The EKF adopts the formulae of the classic Kalman filter with
the Jacobian of the nonlinear system in place of the linear matrix at each step. The state distribution
is approximated by a Gaussian random variable, which is then propagated analytically through the
first-order linearization of the nonlinear system. Even though the EKF has successfully applied to
many industrial applications and provides reliable estimates for the system which is almost linear
on the time scale of update intervals, there have been many studies that established its serious diffi-
culties in the presence of strong process nonlinearities and poor initial guess [42–44]. The method
fails to account for the fully nonlinear dynamics in propagating the covariance matrix, which intro-
duces large errors in the true posterior mean and covariance of the transformed Gaussian random
variable. This could lead to suboptimal estimation performance and sometimes even divergence of
the filter [89].
To overcome this limitation, the unscented Kalman filter (UKF) was developed based on the so-
called unscented transformation to propagate mean and covariance information through nonlinear
dynamics [90–92]. The state distribution is again approximated by a Gaussian random variable, but
is now represented using a minimal set of carefully chosen sample points. By using a deterministic
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sampling approach, the sample points completely capture the true mean and covariance accurately
to the third order for any nonlinearities [91]. This approach is more accurate, easier to implement,
and the computational cost is the same order of magnitude as the EKF implementation [92]. A few
UKF applications to chemical processes can be found in [93–100]. However, divergence could still
occur in some nonlinear systems despite the aforementioned improvements [101].
Since their introduction in 1993 [102], particle filters have become a popular class of numerical
methods to solve optimal estimation problems in nonlinear non-Gaussian processes, where analytic
solutions do not typically exist. The particle filter is an implementation of recursive Bayesian filter
using the sequential importance sampling algorithm, which is a Monte Carlo method that serves as
the basis for most sequential Monte Carlo filters developed over the past decades [103–105]. The
probability density function in the particle filter is represented by a group of random samples with
associated weights, as opposed to describing it using a functional form. As the number of samples
becomes very large, this Monte Carlo characterization becomes an equivalent representation to the
usual functional description, and the particle filter approaches the optimal Bayesian estimate [59].
The prediction step uses the process model to propagate each of the samples and generates a set of
prior particles at the next step. Then these prior particles are resampled and replaced according to
their associated weights so that a new set of particles will be produced. Notice that this weight is the
measurement likelihood evaluated at each prior sample. A high likelihood function value indicates
that the state is well supported by the measurement. Therefore, the resampling operation is biased
towards the more plausible prior particles which are likely to be chosen repeatedly. In addition, the
resampling operation avoids wasting majority of the computational efforts in propagating particles
with very low weights, which reduces the effects of the degeneracy problem. It is also worthwhile
to mention that the particle filtering can identify multiple modes and track multiple optima in the
a posteriori distribution.
The ensemble Kalman filter (EnKF) is a special case of the particle filter, where the Bayesian
update step is approximated with a linear update step using the first two moments of the predicted
probability density function [106]. Unlike the EKF, it avoids the computational cost of evaluating
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the Jacobian matrices of the nonlinear systems, because the filter gain can be approximated using
the covariance of the ensemble. Unlike the particle filter, the EnKF does not resample the ensemble
from the posterior probability density function, because each prior model realization is individually
updated to generate the correct posterior ensemble [107]. The EnKF is used extensively in weather
forecasting [108] and oil reservoir simulations [109], where the models are of extremely high order
and nonlinear, and the initial conditions are highly uncertain, and a large number of measurements
are available [106].
Other Bayesian filters have also been developed recently, such as the Gaussian filter [110] and
the cubature Kalman filter [111]. Those who are interested in this topic are encouraged to study the
comprehensive tutorial of nonlinear Bayesian filters [112] as well as their performance comparison
[113], and references therein.
As seen in Table 1.1, another important class of the state estimation methods is based on opti-
mization formulation, where it is allowed to incorporate prior knowledge in the form of inequality
constraints on state variables as well as process disturbances. Several applications to the chemical
processes can be found in [114–120]. However, one drawback of the optimization-based approach
is that the computational burden increases as measurements become available. A possible solution
that fixes the computational cost is to use a finite, fixed-size estimation window, which is known as
moving horizon estimation (MHE) [121–124]. The stability property of the MHE has been studied
for constrained linear and nonlinear systems in [125,126], respectively. Comparative performance
analysis of various Kalman filters and the MHE can be found in [42, 127–129].
Apart from the probabilistic setting, an alternative direction for handling process nonlinearities,
originating from the nonlinear systems theory, is the design of nonlinear observers. A conceptually
straightforward extension of observers to nonlinear systems is the extended Luenberger observer,
but it is based upon local linearization around the reconstructed states [130]. High-gain observers
have attracted lots of attention in the mathematical systems theory literature in the last thirty years.
There have been two lines of thinking in high-gain observers. One, led by Gauthier and co-workers,
focuses on deriving global results under global Lipschitz conditions [131–136]. The main technical
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assumption says that the class of nonlinear systems should be observable for every input (i.e., uni-
formly observable systems), which is satisfied in many physical systems, at least in some operating
domain. For this class of nonlinear systems, the high-gain observer can be designed according to a
canonical form where the observer gain does not depend on the system inputs. However, due to the
nonlinearity of the system, the choice of observer gain which gives the best compromise between
fast convergence, noise rejection, and attenuation of the peak phenomenon is a difficult task [135].
The other, led by Khalil and co-workers, focuses on dealing with the peaking phenomenon when
high-gain observer is used in feedback control (see the survey paper [137] and references therein).
Several papers have studied a wide range of nonlinear control problems using high-gain observers,
including stabilization, regulation, tracking, and adaptive control [138–143]. The main limitation
of the high-gain observer is the significant loss of accuracy in the presence of measurement noise.
Recent theoretical work [144] has derived precise estimation error bounds in the presence of noise.
Besides it has been proved in [145] that the high-gain observer approximates a differentiator in the
limit as the observer gain approaches to infinity.
One more approach, which is capable of directly dealing with process nonlinearities, involves
using state-dependent gain in the observer. This approach enjoys the benefits of (i) computational
simplicity in on-line implementation and (ii) rigorous mathematical foundation, without suffering
from the inherent sensitivity to measurement noise of the high-gain observers. The observer con-
tains a copy of the dynamics and a copy of the output map, but the observer gain is not necessarily
constant, and this opens up many possibilities. Actually, under certain conditions, it is possible to
select the gain function to “shape” the resulting error dynamics. In this direction, there has been a
rich systems theory literature, involving a variety of mathematical approaches, including observer
error Lyapunov function methods [146, 147], and exact linearization methods [148–159]. Notice
that the nonlinear continuous-time observer design in this dissertation employs the exact lineariza-
tion with eigenvalue assignment method [148], which will be discussed in more details in Chapter
2. In addition, overviews of sampled-data observer design and observer design with measurement
delay will be provided in Chapters 3 to 6.
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Other observer design methods, which address the estimation problem in a particular class of
systems or applications, have also been developed, such as the unknown input observer [160–164]
and the sliding mode observer [165].
As pointed out in [57], the following facts make the observer an attractive area of research: (i) it
is computationally simple regarding design and on-line implementation; (ii) it provides a possible
solution for process monitoring and feedback control; (iii) the associated theory is closely related
to the fundamental linear/nonlinear system concepts of controllability, observability, stability, and
dynamic response, and provides a simple setting where all of these concepts interact. Thus, it will
be the focus of this dissertation.
1.2.2 Data-Driven Soft Sensors
In contrast to the model-based soft sensors reviewed in the last section, data-driven soft sensor
does not require the knowledge of the process and is based on empirical observations of the process,
which becomes a valuable alternative to the traditional monitoring algorithms. It has been receiving
considerably increasing attention, in particular for industrial process monitoring, because the plants
are usually heavily instrumented with a lot of sensors that collect a large amount of data on a daily
basis, and a first-principle model is not always available or is too complicated for the model-based
methods to be employed sometimes [166]. Based on the historical data, the data-driven soft sensor
applies multivariate statistics and machine learning methods to predict the multivariate features or
the process state variables, which can be used to make decisions towards a more efficient and safe
process operation.
In this section, a very brief overview of the data-driven soft sensors will be provided, covering
data characteristics in the process industry, typical procedures for the soft sensor development, and
some popular data-driven approaches for soft sensing as well as their applications. It is encouraged
to read some survey papers (e.g., [166–169]) and a comparison study of basic data-driven methods
on the benchmark Tennessee Eastman process in [170] for a more detailed, comprehensive review
on this topic.
The applications of data-driven soft sensors can be found in many areas of the process industry.
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The most common application is the on-line prediction of variables of interest and product quality
which cannot be measured in real time. It is commonly used in fermentation and refinery processes
where rigorous models are usually not available owing to their complex dynamics. The data-driven
methods collect the past input and output information, and then train a model based on the historical
data to predict the difficult-to-measure variables in the process. A few applications to the chemical
processes can be found in [171–174]. Another popular application area of data-driven soft sensors
is the process monitoring and fault detection. Very often, a normal-case process model can be built
based on the normal process data using data-driven methods, which is used to detect possible faults
that deviate from the normal case. This methodology requires less modeling efforts as opposed to
the other one where a data-driven model needs to be built for each interested fault case. Commonly,
statistical process monitoring techniques based on principal component analysis (PCA) and partial
least squares (PLS), or more precisely on Hotelling’s T2 indices [175] and Q-Statistics [176], offer
a practical approach for fault detection [177–181]. Originally developed in [182], kernel PCA and
PLS methods are similar to the linear counterparts in that a nonlinear transformation of the original
variables into a feature space then PCA and PLS models are built in the feature space [183–187].
After a fault is detected, it is desirable to diagnose and identify the source of the fault, and apply
necessary actions to correct the abnormal conditions. The procedure to identify a fault and estimate
normal values in the faulty data is referred to as fault identification and reconstruction [188]. Some
representative pieces of work from the literature can be found in [189–191].
Despite the above applications and a large number of publications on the data-driven soft sen-
sors, there are still many challenging issues, in particular, caused by the common effects present in
the industry data. For example, the failure of a hardware sensor or the failure of data transmission
between the sensors and the database could cause missing data, where one or more variables have
a value that does not reflect the actual state of the measured quantity. Data outliers could also occur
where the sensor output deviates from the typical range of the measured values. Another issue for
data-driven methods is data co-linearity, which is usually caused by redundant sensor arrangement
in the process. For instance, two neighboring temperature sensors would deliver strongly correlated
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measurements [167]. PCA and PLS methods are often used to transform the input variables into a
new reduced space with less co-linearity, as mentioned in [192–194]. Another approach to handle
co-linearity is called variable selection, where a subset of the input variables that are less co-linear
will be selected.
From the above discussions, although data-driven methods are much simpler than the model-
based methods, it is still meaningless to directly apply an arbitrarily selected data-driven model on
the large amount of process data. It is important to first inspect the characteristics of each dataset
and pre-process the dataset in such a way that it can be more effectively processed by the actual
model. After that, model selection is a critical step for the performance of final soft sensor. So far,
there is no unified theoretical approach for this task and thus the model type and its parameters are
often selected in an ad hoc manner, subject to researcher’s past experience and domain knowledge.
Afterwards, model training and validation need to be performed on the training dataset.
Apart from the model-based and data-driven soft sensors, the so-called hybrid approach, which
is a combination of the two methods, has been developed recently [195]. The intuition here is that
the limitations of the model-based and data-driven methods can be overcome by combining them.
In this way, the modeling efforts should be reduced compared to the model-based approaches, and
the monitoring results should be improved compared to the data-driven approaches that do not use
a first-principle model at all.
1.3 Polymerization Reactors
This section will provide a brief overview of the production processes of polyethylene tereph-
thalate (PET) and polyethylene, respectively. The specific applications have been selected not only
because of their major industrial significance, but also because they incorporate all the challenges
that the proposed theory will try to address: presence of severe process nonlinearities, presence of
both continuous and slow-sampled discrete measurements, presence of both delayed and delay-free
measurements.
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1.3.1 Polycondensation of Polyethylene Terephthalate
Although a lot of work has been done in monitoring and control of free radical polymerization
reactors, very few state estimation studies are available for polycondensation processes. One of the
most common polycondensation products is PET, which is the primary raw material for synthetic
fibers, dielectric films, and beverage bottles. Figure 1.1(a) illustrates that polyester, which is com-
monly referred to as PET, dominates synthetic fibers industry over the years, accounting for nearly
half of the global consumption. Figure 1.1(b) shows that the global demand for PET is predicted to
be growing in the next few years. Therefore, producing PET with required properties is of major
industrial importance.
There are several side reactions taking place along with the main polycondensation reaction.
The amount of side products determines the quality and properties of the final product. To ensure
PET product quality, the amount of byproducts needs to be well controlled within certain limits. A
comprehensive understanding of PET synthesis is essential for effective quality control and process
optimization. Generally speaking, there are three stages involved in the PET production. In the first
stage, bis(2-hydroxyethyl) terephthalate (BHET) is produced through either melt transesterification
or direct esterification. Methanol or water is removed continuously and in the meantime, ethylene
glycol (EG) is completely refluxed back to the reactor. This stage often operates in a stirred vessel
under atmospheric pressure [196–198]. In the second stage, BHET and oligomers from the first
stage are transferred to a pre-polymerization reactor at an increased temperature (i.e., 250–280◦C)
and reduced pressure (i.e., 2–3 kPa), where the degree of polymerization (DP) can reach up to 30.
The viscosity of reaction mixture is still low compared to the later stages, and diffusional limitation
does not play an important role in this stage [199, 200]. The product is further polymerized in the
third stage until the DP reaches 100 at 280–290◦C. Because the main reaction is reversible, EG, as a
byproduct, has to be vaporized continuously by applying vacuum to increase the yield. Meanwhile,
viscosity of the reaction mixture also increases rapidly which makes mass transfer a limiting factor.
Therefore, a special film forming device is used in the third stage to provide large surface area for
desorption of EG [201, 202]. In injection or blow molding applications, solid state polymerization
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Figure 1.1: (a) Global webbing market volume by product (kilotons) [1]. (b) Demand forecast of
the global PET market [2].
needs to be carried out to obtain products with DP over 150 [203]. These aforementioned modeling
studies are very useful for process control and optimization purposes. For certain special-purpose
applications, simplified models were also developed, which agreed well with experimental results
[204–206].
Monitoring and control of polycondensation reactor is challenging owing to lack of fast on-line
measurements and significant nonlinearities of the process. State estimation provides an alternative
approach to track the change of molecular weight by integrating on-line sensing, reactor modeling,
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and simulation. The objective in Chapter 2 is to estimate state variables and the degree of polymer-
ization in the PET finishing stage using a nonlinear observer, where measurements with different
sampling rates and output delays will be considered.
1.3.2 Industrial Gas-Phase Polyethylene Production
Polyethylene is the most used synthetic polymer worldwide with the largest annual production.
Over the last seventy years, there has been a continued manufacturing growth from a few hundred
tons in 1940 to more than 160 billion pounds in 2012 [207]. In the next few years, the demand is
forecast to grow on a global basis. Polyethylene products are used as pipes, containers, agricultural
mulch films, and many other applications. In the literature, polyethylene is generally classified into
three groups: low-density polyethylene, linear low-density polyethylene at 0.910–0.930 g/cm3, and
high-density at 0.931–0.970 g/cm3. Experimental results showed that these products are different
in polymer microstructure, such as length of side chain branching, molecular weight and its distri-
bution, degree of crystallinity, and as a result, it leads to different performance characteristics (e.g.,
thermal, physical properties, and rheological behaviors) [208–213].
Polyethylene technology has experienced revolutionary improvements in the last century. Prior
to the 1950’s, polyethylene was produced exclusively using conventional high-pressure polymer-
ization processes operating at temperature above 200◦C and at pressure above 1000 atm. This pro-
cess only produces low-density polyethylene with long-chain branching because of its free radical
mechanism. In order to achieve high molecular weight for practical applications, the high pressure
is required in providing a high ethylene propagation rate. Later, the development of Ziegler-Natta
catalyst made it possible to synthesize linear polyethylene at a more moderate condition via coor-
dination polymerization mechanism.
Currently, there are three commercialized low pressure polyethylene processes: slurry, solution
and gas phase. Among them, the gas-phase process, which does not involve any liquid phase, is the
most versatile and can produce polyethylene covering a complete range of density and melt index
because it is not limited by solubility and viscosity [214]. In a gas-phase reactor, the polymeriza-
tion takes place at the interface between the solid catalyst and the polymer matrix. The feed to the
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reactor, which comprises ethylene, comonomers, hydrogen, and inerts, provides the fluidization by
using a high rate of gas recycle. A heterogeneous Ziegler-Natta catalyst is fed continuously to the
reactor. Since the conversion per pass through the bed is very low (i.e., 2–5%), the unreacted gas is
recycled with fresh feed to the base of the reactor and as a result, the overall monomer conversion
could be as high as 98% [215]. At the same time, the heat generated from the exothermic polymer-
ization is removed through a heat exchanger. Polymerization occurs at a pressure of 30–35 atm and
a temperature of 80–100◦C. The product, polyethylene, discharges near the base of the reactor as
solid powder. Other advantages of gas-phase process over liquid-phase process include production
of copolymer with high α-olefin content, which gives better mechanical properties [216]. Further-
more, the gas-phase process significantly reduces the capital cost up to 30% and the operating cost
up to 35% compared with the conventional liquid-phase processes.
Researchers have made a lot of efforts to study this complex reaction system at different levels
where physical and chemical phenomena take place simultaneously [217–221]. For reactor design,
quality control, and grade changeover, it is essential to understand the dynamic behavior that incor-
porate kinetics of polymerization, heat and mass transfer, and reactor characteristics [222–232]. In
general, the gas-phase polyethylene fluidized-bed reactor has been modeled as single-phase well-
mixed continuous stirred-tank reactor (CSTR) [215], two-phase [217] and three-phase plug flow
reactor [220]. It is assumed in the well-mixed CSTR model that there is little or no resistance in the
monomer and heat transfer between the bubble and emulsion phases. In the operating range of in-
dustrial interest, the differences between the detailed model and the simplified model are less than
3 K in temperature and less than 2 mol% in monomer concentration [215]. Hence, the well-mixed
assumption is valid for modeling the gas-phase polyethylene reactor.
In industrial settings, polyethylene grade is specified in terms of melt index and density [233].
Although reactor temperature, pressure, and gas concentrations are regularly measured on line, the
product quality variables can only be obtained from off-line lab analysis. The sampled and delayed
measurements are essential in the feedback control. A combination of the information from on-line
and off-line measurements can achieve improved state estimation and quality control performance
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between samples. Model-based and data-driven methods for product quality monitoring have been
successfully applied in some polyolefin processes, including the development of on-line parameter
estimation that captures the actual reactor operation conditions [116,234–240]. However, very few
model-based estimation methods have been reported for the gas-phase polyethylene reactor, where
different nature of the measurements need to be considered. As for the off-line manual operations,
perturbations in the sampling schedule will affect the convergence property of the error dynamics.
A multi-rate multi-delay observer can benefit feedback control, quality monitoring, and therefore,
reduction of off-specification products.
1.4 Dissertation Outline and Contributions
The dissertation is constructed in the following manner to illustrate the developments of multi-
rate observer design for process monitoring, with application to polymerization reactors.
In Chapter 2, a nonlinear observer combined with an inter-sample output predictor is designed
and applied to estimate the degree of polymerization in a series of polycondensation reactors. One
continuous measurement and one sampled measurement with delay are considered. The observer
performance is tested in the presence of sensor noise through simulation.
In Chapter 3, focus will shift towards theoretical developments in the area of multi-rate observer
design in linear systems with asynchronous sampling. Sufficient and explicit conditions are derived
to guarantee exponential stability of the multi-rate observer. An industrial gas-phase polyethylene
reactor example is used to demonstrate the applicability of the proposed approach.
In Chapter 4, possible measurement delay is considered in the observer design. The multi-rate
multi-delay observer adopts an available multi-rate observer design proposed in Chapter 3. A dead
time compensation approach is developed to compensate for the delay. It is shown that stability of
the multi-rate observer is preserved under nonconstant, arbitrarily large delays.
Chapter 5 develops a rigorous approach for observer gain selection to reach a compromise be-
tween the effect of modeling error on the accuracy of state estimate and the effect of measurement
error on the accuracy of state estimate. The optimal multi-rate observer design is formulated as an
optimization problem of minimizing a performance index. The approach is demonstrated on linear
18
systems with single-rate measurement and with fast and slow measurements, respectively.
Chapter 6 studies the problem of multi-rate sampled-data observer design in nonlinear systems
under asynchronous sampling. Similar to the multi-rate observer in linear systems, it is based on a
continuous-time design coupled with inter-sample predictors. It is shown that the error dynamics is
input-to-output stable with respect to measurement errors by applying the Karafyllis-Jiang vector
small-gain theorem.
Chapter 7 proposes a design method for multi-rate multi-delay observer in nonlinear systems.
It is based on an available multi-rate observer design coupled with dead time compensation, in the
same spirit as the multi-rate multi-delay observer in Chapter 4. The gas-phase polyethylene reactor
example is reconsidered in the presence of measurement delays.
Finally, Chapter 8 summarizes the main conclusions of the dissertation and provides directions
for future work.
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2. STATE OBSERVER DESIGN IN A SERIES OF POLYCONDENSATION REACTORS ∗
As mentioned in Chapter 1, the presence of severe nonlinearities, the presence of both contin-
uous and slowly sampled discrete measurements, and the presence of both delayed and delay-free
measurements make it a challenging problem to monitor the progress of polymerization reactions
in real time. In this chapter, a nonlinear reduced-order observer is applied to estimate the degree of
polymerization in a series of polycondensation reactors [241]. The finishing stage of polyethylene
terephthalate synthesis is considered as the case study. The process has a special structure of lower
block triangular form, which is properly utilized to facilitate the calculation of the state-dependent
gain in the observer design. There are two possible on-line measurements in each reactor. One is
continuous, and the other is slow-sampled with dead time. For the slow-sampled titration measure-
ment, inter-sample behavior is estimated from an inter-sample output predictor, which is essential
in providing continuous corrections on the observer. Dead time compensation is carried out in the
same spirit as the Smith predictor to compensate for the effect of sensor delay. By integrating the
continuous-time reduced-order observer, the inter-sample predictor and the dead time compensator
together, the degree of polymerization is accurately estimated in all three reactors. In addition, a
pre-filtering technique is used in the presence of sensor noise. The observer performance is demon-
strated by numerical simulations.
Despite the fact that both continuous, delay-free measurement and slow-sampled, delayed mea-
surement are involved in this example, the reduced-order observer only takes the continuous mea-
surement to estimate the unmeasured state but does not depend on the sampled measurement. This
is achieved by taking advantage of the special system structure where a continuous-time observer
with an inter-sample output predictor in the “downstream” is sufficient to handle the state estima-
tion problem in this particular multi-rate polycondensation process.
This chapter is organized as follows: in Section 2.2, an overview of the reduced-order observer
∗Reprinted with permission from “State Observer Design for Monitoring the Degree of Polymerization in a Series
of Melt Polycondensation Reactors” by C. Ling and C. Kravaris, 2016. Processes, 4(1), 4. Copyright is retained by
the authors for all articles published in MDPI journals.
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and sampled-data observer design methods are presented. In particular, a block triangular observer
form is derived from the serial subsystem structure (e.g., multiple CSTRs connected in series). In
Section 2.3, the finishing stage of PET polycondensation, as well as its mathematical model is de-
scribed. In Section 2.4, the performance of the state observer is evaluated in two different cases: (i)
only continuous measurement is available; (ii) both continuous and slow-sampled measurements
are available. Furthermore, sensor noise is considered, and the results show that there is a tradeoff
between the convergence rate and noise sensitivity. Finally, in Section 2.5, conclusions are drawn
from the results of the previous sections.
2.1 Introduction
Polymers are continuously substituting traditional materials, such as glass, woods, and metals,
along with their low cost and good processability. Polyethylene terephthalate is the most common
thermoplastic polymer resin, which is the primary raw material for synthetic fibers, dielectric films,
and beverage bottles. PET has dominated the synthetic fibers industry over the years accounting for
nearly half of the global consumption (see Figure 1.1(a)). Moreover, the global demand for PET is
predicted to grow in the next few years. Therefore, producing PET with the required properties is
of major industrial importance.
It is well known that the end-use properties of PET, such as drawing behavior, melting point,
tensile strength and thermal stability, strongly depend on its molecular weight and byproduct con-
centrations [9,15]. There are several side reactions taking place along with the main polycondensa-
tion reaction. The amount of side products (i.e., diethylene glycol (DEG), acetaldehyde, carboxyl
end groups, vinyl end groups, and water) determines the quality and properties of the final PET
product. For example, every one percent of DEG in the polyester chain could cause a lower melt-
ing point by 5◦C [242]. In addition, even a small amount of DEG leads to reduced heat resistance,
decreased crystallinity and ultraviolet light stability. Vinyl end groups could be polymerized with
other polyester chains to form polyvinyl ester, of which the pyrolysis products have been shown
to be responsible for the coloration of PET [243]. A high initial concentration of carboxyl groups
could induce a decrease in the degree of polymerization due to hydrolytic degradation [244]. In or-
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der to ensure product quality, the amount of byproducts needs to be well controlled within certain
limits.
However, the monitoring and control of polymerization reactors is not an easy task, owing to a
lack of fast on-line measurements and the significant nonlinearity of the processes. Very often, crit-
ical quantities related to safety, product quality and/or economic performance of a polymerization
process cannot be measured on line. Thus, state estimation plays an important role in providing
frequent and reliable information of the process, which can be integrated into model-based control,
as well. Since the early 1980’s, there have been significant efforts in the design and application
of state estimators to polymerization reactions, especially in free radical polymerization. The ex-
tended Kalman filter, as an industrially-popular estimator, has been widely used and achieved fairly
good performance in many studies [20,29–32,34,36,245]. In this approach, the design is based on
an approximate local linearization of the system along a reference trajectory. Even though the EKF
has found industrial applications, there have been studies that established its serious difficulties in
the presence of strong process nonlinearities [42–44]. An alternative approach for estimation in
polymerization processes is state observer design [46–51, 70, 246]. It utilizes the dynamic process
model, which captures the evolution of physical and chemical phenomena, and then generates a
soft sensor that is able to reconstruct the missing state variables with additional appropriate feed-
back terms from all of the on-line measurements. For example, Van Dootingh et al. [50] developed
a nonlinear high-gain observer with adjustable speed of convergence in a styrene polymerization
reactor. Compared to the EKF, this observer does not only have a theoretical proof of convergence,
but also greatly reduces computation time. Tatiraju and Soroush [49, 70] implemented a nonlinear
reduced-order observer to a homopolymerization reactor. Together with an open-loop observer for
the unobservable states, accurate estimates for all states were achieved. Astorga et al. [48] used a
continuous-discrete observer to estimate monomer composition in an emulsion copolymerization
reactor. The proposed observer was validated by comparing the observer outputs with the off-line
gas chromatography results.
Although a significant amount of work has been done in monitoring and control of free radical
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polymerization reactors, very few state estimation studies can be found for polycondensation reac-
tors. Choi and Khan [247] implemented the EKF to estimate nine state variables in the transesteri-
fication stage of the PET synthesis. When supplemented by five additional off-line measurements,
the overall performance of the state estimator was greatly improved. Appelhaus and Engell [248]
designed an extended observer to estimate the concentrations of ethylene glycol and hydroxyl end
groups along with a mass transfer parameter in the batch reactor. In their study, only the reversible
polycondensation reaction was considered.
A comprehensive understanding of PET synthesis is essential for effective quality control and
optimization of the process. Generally, there are three stages (i.e., transesterification/esterification,
pre-polymerization, and polycondensation) involved in PET production. In each reactor, side reac-
tions occur simultaneously and directly affect product quality. On-line measurements for byprod-
uct concentrations are usually not available or at relatively low sampling rates [249]. Hence, based
on the fact that available on-line measurements are not always of the same nature, it is necessary
to develop estimation/monitoring algorithms that can utilize all of these different kinds of on-line
measurements in a synergistic way to provide valuable information of the process.
In this study, the nonlinear observer design method of exact linearization with eigenvalue as-
signment [4, 148] is applied to a series of three continuous polycondensation reactors. A modified
reaction-mass transfer model [206] is considered in our work. The objective is to estimate unmea-
sured concentrations, as well as the degree of polymerization in the PET finishing stage from con-
tinuous hydroxyl measurement and sampled acidimetric titration, where different sampling rates
and time delays are considered. The basis of the observer design methodology is a continuous-time
nonlinear observer design. Subsequently, an inter-sample output predictor [250] is used to account
for the slow-sampled measurements and to provide continuous estimates during the time period in
between two consecutive measurements. At the same time, an estimate of the current output from
the delayed measurement is obtained in the same spirit as the Smith predictor, by initializing the
process model with the most recent delayed output and integrating it up to the present time. In the
presence of sensor noise, a pre-filtering technique is used to cut out the noise to avoid the break-
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down of the observer. The performance of the observer with inter-sample prediction and dead time
compensation is evaluated by numerical simulation.
2.2 Nonlinear Observer Design Method
This section briefly outlines the main results on nonlinear observer design [4,148], block trian-
gular observer design, and sampled-data observer design [250]. All of the observer synthesis and
simulations in later sections are realized on the basis of reduced-order observer. Therefore, a brief
necessary review is presented below.
2.2.1 Reduced-Order Observer
In chemical processes, on-line measurements typically involve a part of the state vector. While
the full-order observer estimates the entire state vector, the reduced-order observer estimates only
the unmeasured states. In this sense, the reduced-order observer is free of redundancy and is more
computationally efficient than the full-order observer.
Consider a multi-output autonomous system whose outputs are a part of the state vector
ẋR = fR(xR, xM)
ẋM = fM(xR, xM)
y = xM
(2.1)
where xR ∈ Rn−m is the state vector that needs to be estimated, xM ∈ Rm is the remaining state
vector that is directly measured, and y ∈ Rm is the measurement vector; fR : Rn → Rn−m and
fM : Rn → Rm are real analytic functions with fR(0, 0) = 0, fM(0, 0) = 0.
In the exact linearization method, the objective is to build an observer so that the resulting error
dynamics is linear in curvilinear coordinates and with the pre-specified rate of decay of the error.
A locally-analytic mapping z = T (xR, xM) from Rn → Rn−m is sought that maps the system (2.1)
to
ż = Az +By
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whereA is a (n−m)×(n−m) matrix andB is a (n−m)×mmatrix. The reduced-order observer
in the original coordinates can be expressed as







This leads to the following selection of the state-dependent observer gain [4]:















fM(x) = AT +BxM (2.3)
Under the above choice of observer gain, the error dynamics in transformed coordinates becomes
linear and is governed by the arbitrarily-selected A matrix
d
dt
(T (xR, y)− T (x̂R, y)) = A(T (xR, y)− T (x̂R, y))
Thus, the matrix A is a design parameter that directly adjusts the speed of convergence of the error.
Remark 1. In order to implement the above nonlinear observer design methodology, an approx-
imate solution needs to be calculated for the system of PDEs of Equation (2.3). As discussed in
[4, 148], it is possible to approximate T (xR, xM) by using a truncated multivariable Taylor series
around the origin. This requires each state expressed in deviation variable form. After expanding
fR, fM and T in Taylor series up to a finite truncation order, the approximate solution can be
obtained by equating the coefficient of each side of the PDEs. This calculation can be executed by
using symbolic computation software (e.g., Maple) [4, 251].
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2.2.2 Reduced-Order Observer in Lower Block Triangular Form
The serial CSTR reactor configuration is used in many types of chemical processes [252,253],
leading to higher product yield and higher concentration. The serial CSTR reactor configuration
usually possesses a special structure in lower block triangular (LBT) form. This special structure
can be utilized properly in state observer design to reduce the complexity of the state dependence
of observer gains. Consider a system in LBT form containing three subsystems
ẋRI = f
I





R(xRI, xRII, xM I, xM II) ẋM II = f
II
M(xRI, xRII, xM I, xM II)
ẋRIII = f
III
R (xRI, xRII, xRIII, xM I, xM II, xM III) ẋM III = f
III
M (xRI, xRII, xRIII, xM I, xM II, xM III)
yI = xM I
yII = xM II
yIII = xM III
where I, II, III denote each subsystem, respectively. The objective of observer design is to recon-
struct the missing state variables xRI, xRII and xRIII. Figure 2.1 depicts a general structure of the
system in LBT form, with three subsystems.
Figure 2.1: General structure of a system in lower block triangular form with three subsystems.
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It is intuitive to design sequential observers by taking advantage of the particular LBT structure.
For example, the observer for Subsystem I is designed based on its unmeasured state dynamics and
its own measurements yI, but is independent of the subsequent subsystems and their measurements.
The observer for Subsystem II does not only utilize its own dynamics and measurements, but also
depends on the measurements and state estimates from Subsystem I. Moreover, its state-dependent
gain also depends on the gain of the first observer. Each observer needs to use the information from
all of the previous stages and its own dynamics and measurements. In this way, the computational
effort of calculating the state-dependent gain symbolically is significantly reduced.


























where both A and B matrices have a special LBT structure. Eigenvalues of the diagonal submatri-
ces can be assigned arbitrarily. As each subsystem’s observer needs the estimates from the previous
subsystems, it would make intuitive sense to tune the observer for Subsystem I faster than the one
for Subsystem II, etc. Accordingly, the nonlinear reduced-order observer in original coordinates is
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where T (x) =

T1(xRI, xM I)
T2(xRI, xRII, xM I, xM II)
T3(xRI, xRII, xRIII, xM I, xM II, xM III)






































= A31T1 + A32T2 + A33T3 +B31xM I +B32xM II +B33xM III
(2.6)
Under the above observer construction, the estimation error follows linear dynamics in z-coordinates,
which is governed by the A matrix. It is selected to be Hurwitz to guarantee asymptotic stability.
2.2.3 Sampled-Data Observer
When sampling is performed at a slow rate, inter-sample behavior becomes very important and
needs to be accurately estimated by the observer. For this purpose, the process model could be used
to predict the evolution of output during the time period in between two consecutive measurements.
The predictor is able to continuously apply a correction on the most recent sampled measurement
during the sampling interval.
The inter-sample output predictor can be combined with the reduced-order observer. The orig-
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inal system can be appropriately expressed in partitioned form as
ẋR = fR(xR, xMc, xMs)
ẋMc = fMc(xR, xMc, xMs)
ẋMs = fMs(xR, xMc, xMs)
yc = xMc
ys = xMs
where xMc ∈ Rm−1 is the state vector that can be continuously measured, xMs ∈ R is the sampled
state, yc and ys are the corresponding outputs. Here, the output vector is split into two parts: (m−1)
continuous measurements and one sampled measurement.
It is possible to estimate the rate of change of the output
dys
dt
by utilizing the dynamic model
of slow-sampled state variable. This leads to the following inter-sample output predictor:
dψ
dt
= fMs(x̂R, yc, ψ), t ∈ [tk, tk+1)
ψ(tk) = ys(tk)
(2.7)
with ψ representing the output prediction, and tk, tk+1 denote two consecutive sampling instants.
The predictor is reinitialized at the most recent measurement ys(tk) and runs until the new mea-
surement is obtained. When the continuous-time observer of Equation (2.2) is driven by the output
predictor of Equation (2.7), this generates a sampled-data observer. Figure 2.2 illustrates the con-
struction of a continuous-time reduced-order observer with an inter-sample output predictor.
In the earlier work [250], it was shown that, as long as the sampling period does not exceed a
certain limit, the stability of the error dynamics and robustness with respect to measurement error
for the continuous-time observer of Equation (2.2) implies the stability of the error dynamics and
robustness with respect to measurement error for the sampled-data observer. In other words, the
sampled-data implementation inherits the key properties of the continuous-time design, and in fact,
these properties hold at all times, not just at the sampling instants.
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Figure 2.2: Structure of the reduced-order sampled-data observer.
2.3 A Series of Three Polycondensation Reactors
Modeling the finishing stage of PET synthesis is quite challenging owing to the complexity of
reaction kinetics, coupled with mass transfer effects. For the finishing stage, plug flow reactors are
commonly used because of their uniform residence time distribution, leading to a relatively narrow
molecular weight distribution. In some continuous processes, a series of CSTRs are used [254].
The dynamics of plug flow polycondensation reactors can also be accurately modeled as multiple
CSTRs in series [255].
For simplicity, a model of three CSTR in series, which is derived from Rafler’s reaction-mass
transfer model [206], will be used throughout this study. Figure 2.3 shows a three-CSTR in series
configuration. In each reactor, the main polycondensation reaction and the thermal decomposition
of ester groups are considered. Since the main reaction is reversible, EG, as a byproduct, has to be
vaporized continuously by applying a vacuum to increase the yield of the product. The viscosity of
the reaction mass also increases rapidly, which makes mass transfer a limiting factor. The dynamic
process model has the following form
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2 − 8x9x12)− k2x12
All three reactors are operated at constant temperature and pressure. There are four states in each
reactor: the concentration of EG (x1, x5 and x9), hydroxyl end groups (x2, x6 and x10), carboxyl
end groups (x3, x7 and x11) and ester groups (x4, x8 and x12). The concentration of EG on the melt
surface is denoted by the superscript *.
A two-film model is applied to describe mass transfer of volatiles in the finishing stage of melt
polycondensation under high conversion. It is postulated that there is a concentration gradient of
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Figure 2.3: Schematic of three CSTRs in series in the polycondensation stage.
the volatile species throughout a liquid film near the gas-liquid interface, which is based on the ex-
istence of mass transfer resistance at the interface due to the high viscosity of the reaction mixture.
Kim [256] verified the two-phase mass transfer model from experimental data in a polyconden-
sation system and showed that the mass transfer resistance model provided accurate prediction of
molecular weight and product composition over the entire stages. The interfacial equilibrium con-
centration of EG is calculated by using the Flory-Huggins equation (see [256] for equations; see
[257, 258] for physical property parameters). The system parameters used in the simulations are
given in Table 2.1.
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Parameter Description Value
T reactor temperature 553.15 K
P reactor pressure 130 Pa
R gas constant 1.987 cal/(mol·K)
τ1,2,3 residence time of each CSTR 60 min
k1 rate constant of polycondensation reaction2 1.36 × 106 exp(−18,500/(RT)) L/(mol·min)
k2 rate constant of thermal decomposition 7.20 × 109 exp(−37800/(RT)) min−1
(βa)1 mass transfer parameter in CSTR I3 2.70 min−1
(βa)2 mass transfer parameter in CSTR II4 2.03 min−1
(βa)3 mass transfer parameter in CSTR III 1.35 min−1
Table 2.1: System parameters.
In the reactor simulation, the following assumptions are made: (i) only EG exists in the vapor
phase; (ii) the mass transfer resistance on the gas side is negligible; (iii) the concentration of vinyl
end groups in the feed is equal to the concentration of carboxyl end groups; (iv) the mass transfer
parameter does not change over time in each reactor. The operating conditions of the three reactors
are given in Table 2.2, where [OH], [COOH] stand for the hydroxyl and carboxyl end groups, and
[Z] is the concentration of ester groups.
Concentration5 CSTR# [EG] [OH] [COOH] [Z]
Feed6 CSTR I 6.5×10−3 0.40 2.57×10−3 11.2
CSTR I 2.0×10−3 0.40 2.57×10−3 8.0
Initial Condition CSTR II 1.0×10−3 0.30 5.10×10−3 8.0
CSTR III 6.0×10−4 0.24 6.31×10−3 8.1
CSTR I 5.645×10−4 0.283 8.203×10−3 11.25
Steady State CSTR II 4.046×10−4 0.226 1.385×10−2 11.28
CSTR III 3.470×10−4 0.197 1.950×10−2 11.28
Table 2.2: Operating conditions and steady states.
2The rate constants of polycondensation reaction k1 and thermal decomposition k2 are obtained from [258].
3The mass transfer parameter (βa)1 is obtained from [259].
4The mass transfer parameters in the last two reactors (βa)2, (βa)3 are assigned as follows: (βa)2 = 75%×(βa)1,
(βa)3 = 50%× (βa)1.
5All of the concentrations are in units of mol/L.
6The feed condition is obtained from [260], which is the reactor outflow from the pre-polymerization stage.
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As pointed out in Section 2.1, the number of on-line measurements in the polycondensation re-
actors is limited. In particular, measurements of various functional end groups are usually off-line,
infrequent and delayed. In this study, two possible measurements are involved: one is continuous
and the other is slow-sampled with dead time. The concentration of hydroxyl end groups can be
obtained from a correlation using continuously-measured torque, temperature, and stirrer speed,
which needs to be calibrated for the specific reactor [248]. This can be considered as a continuous
measurement without time delay. The carboxyl concentration can be obtained by using acidimetric
titration [261], which has a lower sampling rate and an approximately twenty-minute delay. DP is
calculated from the state estimates using the following formula:
DP = 1 +
2[Z]
[OH] + [COOH] + [Ev]
where [Ev] denotes the concentration of vinyl end groups.
2.4 State Estimation via Reduced-Order Observer
Linear observability analysis was performed in two cases: (i) only hydroxyl end groups (x2, x6
and x10) are continuously measured; (ii) in addition to hydroxyl end groups, carboxyl end groups
(x3, x7 and x11) are also measured by using on-line acidimetric titration. In Case (i), the conclusion
is that the system is not observable, because carboxyl end groups are “downstream” relative to the
hydroxyl end groups. It should be noticed that the interfacial concentration of EG does not depend
on the state variables in the reactor. In Case (ii), the system of CSTRs is observable. The results of
observability analysis suggest that the carboxyl measurement is necessary for accurate estimation
of the states and therefore, of DP, and it should be utilized in the observer despite its low sampling
rate.
From a physical point of view, the system of three CSTRs clearly possesses a serial structure:
the outflow of the preceding reactor is the feed for the next reactor. Hence, it is straightforward to
design sequential observers by taking advantage of the particular LBT structure, which is described
in Section 2.2.2. The interconnection of these subsystems is shown in Figure 2.4, from which the
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unobservability in the absence of carboxyl measurements is clearly visible.
Figure 2.4: Subsystems representation of three CSTRs in series.
2.4.1 State Estimation with Continuous Measurement Exclusively




represents the concentrations of hydroxyl
end groups in three polycondensation reactors, which are continuously measured. Despite the fact
that the entire system is unobservable in the absence of carboxyl measurement, if only Subsystems
Ia, IIa and IIIa are taken into account, the new system becomes observable. In other words, the
concentrations of EG and ester groups can be estimated by using only hydroxyl measurement. For
the specific system (i.e., Ia, IIa and IIIa), we have implemented observer Equation (2.4) with state-
dependent gain computed from Equation (2.5), where the mapping function T (x) is a solution of
the system of PDEs of Equation (2.6) with design parametersA andB. Two different choices of the
A matrix, with different sets of eigenvalues, are considered in the simulations: “fast” (−2.0, −1.8,
−1.6,−1.4,−1.2,−1.0) and “slow” (−0.2,−0.18,−0.16,−0.14,−0.12,−0.1). Truncation order
N = 3 is used considering the balance between the accuracy of the approximate PDE solutions and
computation time. The initial guess of the estimates is given in Table 2.3.
35
CSTR# [EG] (mol/L) [COOH] (mol/L) [Z] (mol/L)
CSTR I 1.0×10−3 7.57×10−3 10.0
CSTR II 0 1.01×10−2 10.0
CSTR III 1.6×10−3 1.13×10−2 10.1
Table 2.3: Initial estimated values for the observer.
As a result of being the “downstream” states, carboxyl dynamics are detached from Subsystems
Ia, IIa and IIIa. An open-loop observer is designed to estimate the concentrations of carboxyl end



















(x̂7 − x̂11) + k2x̂12
with x̂4, x̂8 and x̂12 obtained from the observer equations driven by the continuous measurements
y1, y2 and y3.
Figure 2.5 shows the performance of the reduced-order observer with the “fast” eigenvalues by
comparing the actual and estimated states, as well as the DP in all three CSTRs. Consequently, the
concentrations of EG and ester groups converge to the actual states very fast. Since the unobserv-
able states (i.e., concentrations of carboxyl end groups) are estimated from an open-loop observer,
the speed of convergence depends on the dynamics itself, and this is not adjustable. Therefore, it
takes much longer to converge, which also explains the offset in the DP estimates in the beginning.
However, the offset will be eliminated eventually as x̂3, x̂7 and x̂11 converge.
2.4.2 State Estimation with Both Measurements
In Case (ii), both the continuous and slow-sampled measurements are utilized in the observer
design. Instead of using an open-loop observer, an inter-sample output predictor is used to estimate
the evolution of the slow-sampled output between two consecutive sampling instants. At the same
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Figure 2.5: Performance of the reduced-order observer with the “fast” eigenvalues: (a) actual and
estimated states in CSTR I; (b) actual and estimated states in CSTR II; (c) actual and estimated
states in CSTR III; (d) actual and estimated degree of polymerization in all three CSTRs.
time, dead time compensation is carried out to account for the time delay between the present time
and sensor dead time. For acidimetric titration, it is assumed that there is a ten-minute sampling
interval, and the dead time of the sensor is twenty minutes. It should be noticed that the output of
the predictor does not feed into the reduced-order observer because carboxyl concentrations do not
affect the other states and are not used in the estimation of concentrations of EG and ester groups.
However, they will affect the estimation of DP. In this case, the dead time compensator is actually
37






















where the state estimates x̂4, x̂8 and x̂12 are obtained from the continuous-time observer. y4, y5
and y6 are the delayed outputs with dead time θ, while ŷ4, ŷ5 and ŷ6 are the estimates at the present
time, respectively. The three equations are reinitialized at the most recent measurement at tk and
run from tk − θ to tk + η, where η is the length of the sampling interval. It serves as a dead time
compensator between tk − θ and tk and also serves as an inter-sample output predictor between tk
and tk +η. In the first θ time units of each simulation, an open-loop observer is used for estimating
the carboxyl end groups, because there is no measurement information available.
In Figure 2.6, the convergence speed of EG and ester groups is slow because the “slow” eigen-
values are chosen in this case. In the estimates of carboxyl concentrations, a few steps are observed,
because the slow-sampled measurement makes a correction on the predictor output when the most
recent measurement becomes available each time. In addition, the observer together with the inter-
sample output predictor and the dead time compensator can estimate the DP accurately in all three
CSTRs.
2.4.3 Observer Performance under Sensor Noise
While the reduced-order observer is computationally more efficient by reconstructing only un-
measured state variables, it suffers from sensitivity to sensor noise. Therefore, the performance of
the reduced-order observer needs to be tested under sensor noise. Pre-filtering of the measurement
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Figure 2.6: Performance of the reduced-order observer with “slow” eigenvalues when using both
measurements: (a) actual and estimated states in CSTR I; (b) actual and estimated states in CSTR
II; (c) actual and estimated states in CSTR III; (d) actual and estimated degree of polymerization
in all three CSTRs.
signal may be necessary to cut out the noise, which inevitably introduces some lag.
Figure 2.7 shows that the same level of white noise is added to all three hydroxyl measurements
with a standard deviation equal to 0.01. A first-order filter is employed to cut out the high frequency
noise. The following filter factors, 0.005, 0.005, and 0.007, are selected respectively, according to
the level of filtering needed. As expected, we can see lags in the filtered signal by comparing it with
the actual state. Meanwhile, white noise with a standard deviation of 3×10−4 is also considered
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for the on-line sampled titration measurements. Figure 2.7(d) shows the evolution of estimated and
actual DP when the sensor noise is introduced. Despite the fact that the estimates deviate from the
actual state quite significantly in the beginning, fairly accurate estimation is achieved after 70 min.
The “slow” eigenvalues are used here because the “fast” eigenvalues will lead to a more aggressive
response which may adversely affect observer performance.
Figure 2.7: Measurement signals before (blue) and after (black) pre-filtering: (a) in CSTR I; (b) in
CSTR II; (c) in CSTR III. Observer performance: (d) actual and estimated degree of polymeriza-
tion in all three CSTRs.
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2.5 Conclusions
This chapter presents an application of a nonlinear state observer for monitoring DP in a series
of PET polycondensation reactors. By exploiting the special LBT structure of the system, sequen-
tial observers are designed, and as a result, the complexity of the state dependence of the observer
gains is reduced. The unmeasurable states of EG and ester groups’ concentrations are accurately
estimated by using a reduced-order observer when only the continuous measurement is considered.
The rate of convergence is adjustable by tuning the eigenvalues of the design parameter A. When
the slow-sampled measurement of carboxyl end groups is also available, an inter-sample output
predictor is used to estimate the evolution of the sampled output between two consecutive sam-
pling instants. Furthermore, dead time compensation is used to compensate for the effect of delay
in the output. Simulation results show that the degree of polymerization of PET is accurately esti-
mated in all three reactors when both continuous and sampled measurements are considered. Even
in the presence of sensor noise, the observer is still able to provide good estimates after applying
pre-filtering.
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3. MULTI-RATE OBSERVER DESIGN IN LINEAR SYSTEMS ∗
The necessity of developing a general observer design method that accounts for different sam-
pling rates and measurement delays was explained in Chapter 1. Chapter 2 presented the observer
design in a series of three polycondensation reactors where one continuous, delay-free measure-
ment and one sampled, delayed measurement were considered. However, the problem of multi-rate
observer design was bypassed because the sampled discrete measurement was not an input for the
continuous-time observer, as a consequence of its special system structure.
In this chapter, the problem of state observer design in linear multi-output systems with asyn-
chronous sampling is addressed. The proposed multi-rate observer is based on a continuous-time
Luenberger observer design coupled with an inter-sample predictor for each sampled measurement,
which generates an estimate of the output in between consecutive measurements. The sampling
times are not necessarily uniformly spaced, but there exists a maximum sampling period among all
the sensors. Sufficient and explicit conditions are derived to guarantee exponential stability of the
multi-rate observer. The proposed framework of multi-rate observer design is examined through a
mathematical example and a gas-phase polyethylene reactor. In the latter case, the amount of ac-
tive catalyst sites is estimated, with a convergence rate that is comparable to the case of continuous
measurements [52].
This chapter is organized as follows. In Section 3.2, the continuous-time reduced-order Luen-
berger observer design will be reviewed, which will serve as the basis for the multi-rate observer
to be proposed in Section 3.3. An analytic proof of exponential stability of the multi-rate observer
will be the provided in Section 3.3, including a special case where only continuous and single-rate
measurements are involved. The effectiveness and applicability of the proposed multi-rate observer
will be illustrated through two case studies in Section 3.4. In Section 3.5, conclusions are drawn
from the results of the previous sections.
∗Reprinted with permission from “Multi-Rate Observer Design for Process Monitoring Using Asynchronous Inter-
Sample Output Predictions” by C. Ling and C. Kravaris, 2017. AIChE Journal, 63(8), 3384–3394, Copyright 2017 by
John Wiley and Sons.
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3.1 Introduction
Effective control and monitoring of chemical processes require frequent and reliable informa-
tion acquisition on the essential state variables. Very often, the quantities related to safety, product
quality, and/or economic performance of a chemical process cannot be measured on line. A state
estimator, as a soft sensor, provides an alternative approach to reconstruct the states by utilizing the
available measurements and a dynamic process model (see [5, 262, 263] and references therein).
The problem of state estimator design has been widely studied for the systems under fast sampling
[54,55,130,132,148,155,264]. However, a key issue in the operation of chemical processes is that
the measurements are not available at the same rate. For example, temperature or liquid level can
be continuously measured, while molecular weight or melt index is only available at infrequent and
irregular times. Despite their slow sampling rate, the measurements that provide important qual-
ity information on the products, should be incorporated in an intelligent manner together with the
continuous measurements, to make the entire system observable as well as improve the estimation
accuracy.
The need for multi-rate estimation has been well recognized in polymer and biochemical in-
dustries since late 1980’s [29, 241, 246, 265–269]. The problem of multi-rate estimation has been
mainly studied in the extended Kalman filter framework [5]. A two-time-scale EKF was developed
to accommodate both frequent and infrequent, delayed measurements in [29,265,266]. A fixed-lag
smoothing based EKF algorithm was proposed for systems with multi-rate measurements in [267].
The performance was evaluated via an emulsion copolymerization batch process, which is shown
to be superior to the standard EKF. Other multi-rate estimation methods, including state observer
design [241, 246, 268], and moving horizon estimation [269–272], have also been investigated. In
the multi-rate observer design, the method of least squares was used on the most-recent, infrequent
measurements to predict the inter-sample behavior in [246,268]. Under moderate nonlinearity and
sampling period, this multi-rate observer was able to calculate reliable, continuous estimates in the
presence of disturbances and model mismatch.
EKF and MHE-based approaches are primarily implemented by using an exact or approximate
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discrete-time process model. Although it is a reasonable approach in the presence of sampled mea-
surements, the inter-sample dynamic behavior is completely lost and the continuous measurements
are not utilized in an efficient way. Furthermore, mismatch between the time step of the discrete-
time model and the actual sampling schedule also induces estimation error. Despite the fact that
fairly good estimation results have been achieved in the aforementioned studies, stability analysis
of a multi-rate estimator remained open due to the asynchronous nature of measurements.
Motivated by the Luenberger observer developed in [55], the problem of designing single-rate
sampled-data observers in a continuous-time manner has attracted lots of attention in the literature.
One proposed approach is based on the continuous-discrete observer design method for a certain
class of nonlinear systems, where a continuous-time observer runs in open-loop, with a reset map
acting at the sampling instants [273–276]. Another approach is based on the design of observer
matrices via linear matrix inequality (LMI), where an inter-sample injection term is introduced in
between consecutive samples based on a continuous processing of the most-recent measurements
[277, 278]. Sufficient conditions subject to the solvability of LMIs were established to guarantee
global exponential stability of the error dynamics. Recently, a single-rate sampled-data observer
was proposed using a continuous-time design coupled with an inter-sample output predictor, which
utilizes the dynamic model to estimate the evolution of the output in between samples [250]. This
idea was further exploited in the sampled-data observer design for nonlinear systems with delayed
measurements in [279].
As mentioned before, the asynchronous nature of different sensors and uncertainty in the sam-
pling schedule pose great challenges in the multi-rate observer design, even for linear systems. An
approach that was recently proposed in [280] involves modeling each sensor as a sample-and-hold
device and deriving sufficient Krasovskii-based conditions in terms of LMIs for the observer de-
sign in linear multi-rate sampled-data systems, given some maximum allowable sampling period
for each sensor.
In this chapter, a new method for multi-rate observer design in linear systems will be proposed,
where, for each slow-sampled measurement, an output predictor will be used in the same spirit as
44
in [250]. Differently from the aforementioned work (i.e., [280]), presence of possible continuous
measurements is also considered in this framework. Therefore, the output map is of hybrid nature
as opposed to just sampled-data outputs. In addition, the proposed approach offers a more mean-
ingful way to approximate the inter-sample behavior by using model-based prediction instead of
sample-and-hold strategy. The focus of Chapter 3 will be on the design of multi-rate reduced-order
observers, however, the design of multi-rate full-order observer can be formulated in the same fash-
ion as will be mentioned later. An analytic proof of exponential stability of the error dynamics will
be provided, in the same spirit as the stability analysis of a networked control system with general
multiple-packet transmission in [281]. As a special case, the stability condition of the multi-rate
observer for a class of systems with continuous outputs and single-rate sampled outputs is also de-
rived but in a different way, which gives a less conservative stability bound. The effectiveness and
applicability of the proposed design is demonstrated through numerical examples of a third-order
system and an industrial gas-phase polyethylene reactor.
3.2 Preliminaries
3.2.1 Notations
Throughout this chapter, the zero matrix and identity matrix of appropriate size are denoted by
0 and I , respectively. The operator ‖·‖ denotes the Euclidean norm of a vector or a matrix. For
a matrix A, A′ denotes its transpose matrix. If A is square, A−1 denotes the inverse matrix, ρ(A)
denotes the spectral radius, and λmin(A) and λmax(A) denote the smallest and largest eigenvalues
of A, respectively. tk represents the k-th sampling time in a system with sampled outputs. For any
function x : R→ Rn, we define x(t+k ) = limh→0 x(tk + h).
3.2.2 Reduced-Order Luenberger Observer Design
In the presence of multiple measurements, it makes more sense to use a reduced-order observer
so that a significantly lower dimensionality can ease implementation of the observer. Therefore, a
reduced-order observer formulation will be the focus in the chapter. However, as will be discussed
in this chapter, a very similar approach can be applied to the multi-rate full-order observer design
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as well.
Let us consider a continuous-time linear system, where without loss of generality, the output is
assumed to be a part of the state vector
ẋR(t) = F11xR(t) + F12xM(t) +G1u(t)
ẋM(t) = F21xR(t) + F22xM(t) +G2u(t)
y(t) = xM(t)
(3.1)
where xR ∈ Rn−m denotes the unmeasured state vector, xM ∈ Rm denotes the remaining state
vector that is directly measured, y is the output vector, u ∈ Rq is the control input. F11, F12, F21,
F22, G1 and G2 are matrices of appropriate dimensions. Suppose that the system of Equation (3.1)
is observable and a continuous-time reduced-order observer design is available




where z ∈ Rn−m is the observer state, A is a Hurwitz matrix with desired eigenvalues, B is a
matrix which forms a controllable pair withA, the matrixW = TRG1+TMG2, and transformation





 = A [TR TM]+B [0 I] (3.3)
Remark 2. According to a well-known result [55], the stated assumptions: observability of the








3.3.1 Proposed Multi-Rate Observer Design
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(3.4)
where xR ∈ Rn−mc−md is the unmeasured state vector, xc ∈ Rmc is the continuously measured
state vector, xd ∈ Rmd is the remaining state vector that is slow-sampled, yc denotes the continuous
outputs, and yd denotes the sampled outputs with different rates. tij denotes the j-th sampling time
for the i-th component in xd, at some countable set of time instants. At a specific time, there may
be measurements of more than one output. The sampling times for each sensor are not necessarily
uniformly spaced, but there exists a maximum sampling period, τm, among all the sensors.
Motivated by [250], the question we consider here is whether the continuous-time observer of
Equation (3.2) could still be the basis in the presence of “medium-size” sampling periods, when
coupled with inter-sample predictors to estimate the output behavior between measurements. For
the multi-rate system of Equation (3.4), the inter-sample output predictor will be utilized for each
sampled output in yd. These predictors will operate continuously at different time horizons, whose
values need to feed the continuous-time observer. For t ∈ [t+k , tk+1] (notice that tk, tk+1 are not
necessarily the sampling times from the same sensor), we propose the following design of multi-
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rate reduced-order observer
ż(t) = Az(t) +Bcyc(t) +Bdw(t) +Wu(t)
ẇ(t) = F31x̂R(t) + F32yc(t) + F33w(t) +G3u(t)





R (z(t)− TMcyc(t)− TMdw(t))
(3.5)
withw ∈ Rmd being the vector of predicted outputs during each sampling interval, andwi being the
i-th predicted state which is reinitialized once a measurement becomes available at tk. Notice that
only the associated component in w vector will get reinitialized and the others do not change until
their measurements become available. Since the system contains continuous and sampled outputs,
the matrices TM and B in Equation (3.2) are partitioned into TMc, TMd and Bc, Bd respectively,
with appropriate dimensions from the continuous-time design. The multi-rate observer of Equation
(3.5) possesses hybrid nature and demonstrates impulsive behavior at sampling times.
We label the estimation error in x-coordinates eR(t) = xR(t) − x̂R(t), output prediction error
ew(t) = xd(t)−w(t), and observer error ez(t) = TReR(t) +TMdew(t). The estimation error eR(t)
can also be written as T−1R ez(t)− T
−1
R TMdew(t). Notice that eR(t) and ez(t) are estimation errors
in different coordinates, so they are virtually the same after coordinates transformation. Consider






















Remark 3. The multi-rate observer of Equation (3.5) can be applied to estimate the state of multi-
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j), k, j ∈ Z+, i = 1, 2, . . . ,md
Inter-sample predictors, which are operating at different time horizons, are used for each sampled
measurement to estimate the evolution of the output in between consecutive samples. This provides
a more meaningful approach to predict the inter-sample behavior as opposed to a simple sample-
and-hold policy.
Remark 4. Since the design parameter A is Hurwitz, there exists a unique symmetric positive
definite matrix P , satisfying the Lyapunov equation:
A′P + PA = −I (3.8)
We define σ1 = λmin(P ) and σ2 = λmax(P ). The following stability analysis is derived based on
Lyapunov’s second method and the prediction error is treated as a vanishing perturbation on the
system. So choosing the right-hand side of Equation (3.8) equal to −I is desirable for maximizing
the tolerable perturbation bound [282].
Remark 5. The continuous-time observer design coupled with inter-sample output predictors can
be applied to build multi-rate full-order observers, under appropriate modifications. Consider a
system in the form




dx(tk), k ∈ Z+, i = 1, 2, . . . ,md
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where Hc is the continuous-time output matrix, and H id is the i-th row of the discrete-time output
matrix. Likewise, we show the multi-rate full-order observer design for t ∈ [t+k , tk+1]
ż(t) = Az(t) +Bcyc(t) +Bdw(t) +Wu(t)
ẇ(t) = HdFx̂(t) +HdGu(t)





where W = TG and the transformation matrix T satisfies the following Sylvester equation:
TF = AT +BcHc +BdHd










Only the associated component in ew(t) will be reinitialized to 0 at tk. The state updates in the
inter-sample predictors can be easily realized if the multi-rate observer is implemented on a mi-
crocontroller, and the states can be set to any value at any time [283].
Remark 6. There are two major differences between the multi-rate full-order and reduced-order
observers: (i) the dimension of the multi-rate full-order observer of Equation (3.9) is (n + md),
whereas it reduces to (n − mc) for the multi-rate reduced-order observer of Equation (3.5); (ii)
different from the multi-rate reduced-order observer, the estimated states x̂ in the multi-rate full-
order observer do not show impulsive behavior.
3.3.2 Stability Analysis
Using the same idea as in [281], the estimation error of Equation (3.6) is proved to exponen-
tially converge to the origin. The Bellman-Gronwall Lemma is first introduced which provides an
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explicit bound to the unknown function.
Lemma 1 (see [284, 285]). Let f(t) and u(t) be nonnegative continuous functions on I = [a,∞),




f(s)u(s) ds, t ∈ I
holds, where c is a nonnegative constant. Then





, t ∈ I
The following theorem gives sufficient conditions with explicit stability bound of the multi-rate
observer of Equation (3.5), in terms of the maximum sampling period.
Theorem 1. Consider the linear system defined in Equation (3.4) and a multi-rate reduced-order
observer of Equation (3.5) with error dynamics of Equation (3.6). If the maximum sampling period,




























where M is given by Equation (3.7), and σ1 and σ2 are the smallest and largest eigenvalues of
the solution of Equation (3.8), then the error dynamics of the multi-rate reduced-order observer is
exponentially stable.
Proof. Denote by {tk}∞k=1 the entire set of sampling instants in ascending order. At every tk, one
or more components in ew(t) will be reinitialized to 0. According to the definition of τm, each state
in xd will be measured at least once in the period of length of τm. In other words, each component
in ew(t) will get reinitialized at least once during any period of length of τm.







assumed that ‖e(t0)‖ > 0. Applying Lemma 1 to Equation (3.6), we have
‖e(t)‖ 6 ‖e(t0)‖ exp(‖M‖ τm)
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for all t ∈ [t0, t0 + τm]. Since τm <
ln 2
‖M‖
is chosen, we obtain
‖e(t)‖ < 2 ‖e(t0)‖ , ∀t ∈ [t0, t0 + τm] (3.11)




< 2 ‖M‖ ‖e(t0)‖
(3.12)
Since each component in ew(t) will get reinitialized to 0 at least once in any interval of length of
τm, it is assumed that tij is the last sampling time for e
i







Using Equation (3.12), |eiw(t)| can be bounded in the interval of [tij
+

















|ėiw(s)| ds < 2 ‖M‖ ‖e(t0)‖ τm (3.14)
Using Equation (3.14), ‖ew(t)‖ is bounded at t = t0 + τm








< 2md ‖M‖ ‖e(t0)‖ τm
(3.15)
Based on Equation (3.8), we define a Lyapunov function V (ez(t)) = e′z(t)Pez(t), which satis-
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fies the following inequalities
σ1 ‖ez(t)‖2 6 V (ez(t)) 6 σ2 ‖ez(t)‖2 , ∀t > t0 (3.16)
Using Equations (3.11) and (3.16), we obtain for all t ∈ [t0, t0 + τm]
V (ez(t)) 6 σ2 ‖ez(t)‖2 < 4σ2 ‖e(t0)‖2 (3.17)
Next, we would like to show that for all t > t0 + τm
‖ew(t)‖ < γ1 ‖e(t0)‖ (3.18)
V (ez(t)) < 4σ2 ‖e(t0)‖2 (3.19)








‖M‖ τm. From Equations (3.15) and (3.17), it is obvious that both
inequalities hold at t = t0 + τm (Notice that
σ2
σ1
> 1). For those t > t0 + τm, we will prove that
the two inequalities hold by contradiction. Let us now consider the following two disjoint events
which cover all possibilities.
1. Suppose there exists t̂ > t0+τm such that Equation (3.18) is violated first. In other words, we
have



















Using Equation (3.20) and the fact that there exists at least one sampling instant tij ∈ [t̂− τm, t̂], at
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Equation (3.21) leads to a contradiction. Therefore, we prove that ‖ew(t)‖ < γ1 ‖e(t0)‖ holds for
all t > t0 + τm.
2. Suppose there exists t̂ > t0+τm such that Equation (3.19) is violated first or both inequalities
are violated at time t̂. In other words, we have
∥∥ew(t̂)∥∥ 6 γ1 ‖e(t0)‖ and V (ez(t̂)) = 4σ2 ‖e(t0)‖2.
Using this equality and Equation (3.16), we obtain
∥∥ez(t̂)∥∥ ≥ 2 ‖e(t0)‖. Thus, V̇ (t) satisfies
V̇ (t) = −‖ez(t)‖2 + 2e′z(t)PBdew(t)
6 −‖ez(t)‖2 + 2 ‖e′z(t)‖ ‖P‖ ‖Bdew(t)‖
6 −‖ez(t)‖ (‖ez(t)‖ − 2σ2 ‖Bd‖ ‖ew(t)‖)
(3.22)
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Since τm has been chosen such that γ1 is smaller than
1
σ2 ‖Bd‖
, we obtain that at t = t̂
V̇ (t̂) 6 −
∥∥ez(t̂)∥∥ (∥∥ez(t̂)∥∥− 2σ2 ‖Bd‖ ∥∥ew(t̂)∥∥)
which is strictly negative. It implies that V (ez(t̂)) will never reach 4σ2 ‖e(t0)‖2, which leads to a
contradiction.
Therefore, it is concluded that both ‖ew(t)‖ < γ1 ‖e(t0)‖ and V (ez(t)) < 4σ2 ‖e(t0)‖2 hold
for all t > t0 + τm.
Next, we would like to prove that for all time t > t0, we have V (ez(t)) < 4σ32 ‖Bd‖
2 γ21 ‖e(t0)‖
2.
If it reached equality, we obtain ‖ez(t)‖ > 2σ2 ‖Bd‖ γ1 ‖e(t0)‖, which makes V̇ (ez(t)) < 0. This
leads to a contradiction. Using Equation (3.16) and the above inequality, we have









‖Bd‖ γ1 ‖e(t0)‖ , t > t0










‖e(t0)‖ holds for all t > t0.
Using the fact that γ1 < 0.5, we have
‖e(t)‖ 6 ‖ez(t)‖+ ‖ew(t)‖ <
3
4
‖e(t0)‖ , t > t0 + τm
After a period of length of τm, ‖e(t+ τm)‖ <
3
4
‖e(t)‖. Hence, for any positive integer k, we have






The error dynamics of Equation (3.6) of the multi-rate reduced-order observer is exponentially
stable.
Remark 7. Following the above steps, the error dynamics of the multi-rate full-order observer of
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Equation (3.10) can be shown to converge to the origin exponentially, given the same upper bound
formula of τm as stated in Theorem 1.
Next consider a special case where the multi-rate observer design is applied to a class of sys-
tems with continuous outputs and single-rate sampled outputs. The set of sampling instants {tk}∞k=1
is not necessarily uniformly spaced, but satisfies 0 < tk+1 − tk < τm for all k ∈ Z+, for some
τm > 0. Technically, it is still a multi-rate observer design problem taking the different nature of
two measurements into account. The difference with the more general multi-rate observer design
of Equation (3.5) is that the entire ew will be reinitialized to 0 at tk. As a special case, the stability
condition is derived in a different way, which gives a less conservative stability bound.
Lemma 2 (see [281]). Given λ(t) and k(t) nonnegative piecewise continuous functions of time t
with λ(t) differentiable. If the function y(t) satisfies y(t) 6 λ(t) +
∫ tf
t
k(s)y(s) ds, ∀tf > t > 0,









k(τ) dτ) ds, ∀tf > t > 0.
Theorem 2. Consider a class of linear systems defined in Equation (3.4) with continuous outputs
and nonuniformly-spaced single-rate sampled outputs, and a multi-rate reduced-order observer of





exp(‖A‖ τm)(‖A‖−1 + 2σ2 ‖M‖ τm) <
1 + 2 ‖Bd‖ ‖A‖−1
2 ‖Bd‖
(3.23b)
where M is given by Equation (3.7) and σ2 is the largest eigenvalue of the solution of Equation
(3.8), then the error dynamics of the multi-rate reduced-order observer is exponentially stable.
Proof. Applying Lemma 1 to Equation (3.6), we can obtain ‖e(t)‖ 6 2
∥∥e(t+k )∥∥ since τm < ln 2‖M‖
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Using Equation (3.24), ‖ew(t)‖ is bounded for all t ∈ [t+k , tk+1]
‖ew(t)‖ 6




∥∥e(t+k )∥∥ τm (3.25)
Select two times in the sampling interval [t+k , tk+1], t and t
′ (i.e., t+k 6 t 6 t
′ < tk+1), where t′ is









(‖A‖ ‖ez(s)‖+ ‖Bd‖ ‖ew(s)‖) ds
6 ‖ez(t′)‖+ 2 ‖Bd‖




Applying Lemma 2 to Equation (3.27), we have
‖ez(t)‖ 6 ‖ez(t′)‖ exp(‖A‖ (t′ − t)) + 2 ‖Bd‖
∥∥e(t+k )∥∥ ‖A‖−1 (exp(‖A‖ (t′ − t))− 1) (3.28)
Let t′ = t, t = t+k in Equation (3.28) and it yields
∥∥ez(t+k )∥∥ 6 ‖ez(t)‖ exp(‖A‖ (t− t+k )) + 2 ‖Bd‖ ∥∥e(t+k )∥∥ ‖A‖−1 (exp(‖A‖ (t− t+k ))− 1) (3.29)
Since




∥∥e(t+k )∥∥ (1− 2 ‖Bd‖ ‖A‖−1 (exp(‖A‖ τm)− 1))
exp(‖A‖ τm)
(3.30)
Since τm is chosen such that
exp(‖A‖ τm)(‖A‖−1 + 2σ2 ‖M‖ τm) <
1 + 2 ‖Bd‖ ‖A‖−1
2 ‖Bd‖
using Equations (3.22), (3.25), and (3.30), we conclude that V̇ (t) is strictly negative in each sam-
pling interval [t+k , tk+1]. As a result, the error dynamics of the multi-rate observer is exponentially
stable.
Notice that for Equation (3.23b) in Theorem 2, the left-hand side is a monotonically increasing
function of τm once the observer parameters are assigned, whereas the right-hand side is a constant.
Based on the facts that Equation (3.23b) holds true at τm = 0 and the left-hand side is monoton-
ically increasing and unbounded, it indicates that this inequality will be violated at some τm > 0.
Therefore, conditions of Theorem 2 will be satisfied for all positive τms that do not exceed a cer-
tain bound. The error dynamics of the multi-rate observer will be stable as long as the sampling
period is small enough, under the assumption that a continuous-time Luenberger observer design
is available.
3.4 Case Studies
3.4.1 A Mathematical Example
A third-order system with one continuous measurement and one sampled measurement is pre-
sented here to illustrate the relationship between the sampling period and the feasible range of the



















yd(tk) = x3(tk), k ∈ Z+
(3.31)
where x2 is continuously measured and x3 is sampled. The eigenvalues of the system of Equation
(3.31) are 1.91 and −0.96 ± 1.66i, respectively. It will be assumed that the sampling period τ is






























ez(t) will converge to 0 if ρ(G) < 1.
At first, the design parameter of the multi-rate reduced-order observer for the system of Equa-
tion (3.31) is fixed as A = −10. Figure 3.1(a) shows how the uniform sampling period τ affects
the spectral radius of G. It is observed that the error dynamics becomes unstable once τ > 0.215 s.
At τ = 0.101 s, the spectral radius of G becomes 0, and the observer becomes deadbeat.
Second, the feasible range of A that guarantees stability of the error dynamics as a function of
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Sampling period τ (s)
















spectral radius of G
Sampling period τ (s)















upper bound of A
lower bound of A
Figure 3.1: (a) Spectral radius of G as a function of the sampling period τ (uniform) when A =
−10, Bc = 1 and Bd = 2; (b) feasible range of A as a function of the sampling period τ (uniform)
when Bc = 1 and Bd = 2.
the sampling period τ is shown in Figure 3.1(b). The upper stability limit for A is zero. The lower













We see from Figure 3.1(b) that as the sampling period goes to zero, an arbitrarily fast eigenvalue
is allowed for A. However, this might deteriorate the observer performance (e.g., large overshoot)
during the transient period, and the multi-rate observer will be sensitive to noise. Conversely, as
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the sampling period becomes larger and larger, it is necessary to use slower and slower eigenvalue
for A, leading to poor observer performance. Figure 3.1 also indicates that basically there are two
ways to guarantee stability of the multi-rate observer. One is to assign a slower eigenvalue for the
design parameter A. The other is to increase the sampling frequency. When designing a multi-rate
observer, the eigenvalues of A are often assigned an order of magnitude larger than the smallest
eigenvalue of the system. If the error dynamics becomes unstable and the sampling period cannot
be reduced any more, then slower eigenvalues need to be selected.
Next, we compare the maximum sampling period that satisfies the conditions of the two Theo-
rems in the previous section. We choose A = −10 and have τm = 3.835 × 10−3 s from Theorem
1, τm = 0.0133 s from Theorem 2, respectively. It shows that Theorem 2 provides a less conserva-
tive bound on the maximum sampling period to guarantee stability for a certain class of multi-rate
systems.
Figure 3.2 shows the multi-rate reduced-order observer performance for system (3.31), with the









and x̂1(0) = 40. Sampling normally takes place every 0.14 s. However, perturbations in the sam-
pling schedule is considered here and the actual sampling times are 0, 0.11, 0.28, 0.40, 0.56, 0.66,
0.78, and 0.95 s. In Figure 3.2, the estimates from multi-rate observer converge to the actual state
after approximately 0.4 s. In addition, the performance of the multi-rate observer is compared
with that of using sample-and-hold approach and discrete-time observer in Figure 3.2(a). Note that
the discrete-time observer is designed based on the discrete-time model of the system (3.31) with a
sampling period of 0.14 s. The eigenvalue is placed at 0.2466 in order to match the continuous-time
observer design. The sample-and-hold approach has very poor performance because of the large
sampling period. In general, the discrete-time observer design performs better than the sample-
and-hold approach. However, the presence of perturbation in the sampling schedule causes inac-
curacy in the estimation. Besides, the inter-sample behavior is completely lost and the continuous
measurement is not efficiently used. We see from Figure 3.2(a) that the estimation error does not
converge to zero in either sample-and-hold approach or discrete-time observer design. Therefore,
61
the proposed multi-rate observer provides a more meaningful way for state estimation in multi-rate
systems.
Time (s)
























Figure 3.2: Performance of the multi-rate reduced-order observer with an inter-sample predictor
for the system of Equation (3.31): (a) actual and estimated state of x1 (comparison with sample-
and-hold approach and discrete-time observer design); (b) actual and estimated state of x3.
Remark 8. In the multi-rate observer design, a continuous-time observer will be the basis where
A and B are two free parameters to be selected. In particular, A plays a significant role in shaping
the error dynamics of the continuous-time design and its eigenvalues are often selected an order
of magnitude larger than the smallest eigenvalue of the system. If the error dynamics of the multi-
rate observer is not stable, then either faster sampling or slower eigenvalues of A are required to
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guarantee stability. In most cases, the sampling rate of a sensor is limited by its capability. Hence,
iteration is required to find a good choice of A with satisfactory multi-rate observer performance.
3.4.2 A Gas-Phase Polyethylene Reactor
The application of multi-rate reduced-order observer is also explored in an industrial gas-phase
polyethylene reactor (see Figure 3.3). In the reactor, the polymerization takes place at the interface
between the solid catalyst and the polymer matrix. The feed to the reactor, which contains ethylene,
comonomers, hydrogen, and inerts, provides the fluidization by using a high rate of gas recycle.
Ziegler-Natta catalysts are fed continuously to the reactor. The heat generated from the exothermic
reaction is removed through a heat exchanger. The product, polyethylene, discharges near the base











Figure 3.3: Schematic of an industrial gas-phase polyethylene reactor.
As previously mentioned in Section 1.3.2, the fluidized-bed reactor in Figure 3.3 can be mod-
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eled as a single-phase, well-mixed continuous stirred-tank reactor in the operating range of indus-
trial interest [215]. A property kinetic model was developed for the gas-phase polyethylene process
accounting for the evolution of melt index and density of the product, the amount of catalytic sites,
and gas concentrations in the reactor. In the reactor modeling, the following assumptions are made
and justified [286]
1. The time-delay associated with the recycle gas flow through the heat exchanger and recycle
lines is neglected.
2. The rate of catalyst deactivation is independent of reactor temperature and is not influenced
by the terminal monomer nor chain length.
3. The vertical concentration and temperature gradient are uniform through the bed.
4. The fludized-bed reactor can be modeled as a CSTR that contains a well-mixed solid phase
interacting with a well-mixed gas phase because of a high ratio of the recycle gas to the fresh
feed.
5. The ethylene and comonomer propagation reactions have similar activation energies.
6. The temperature of the heat exchanger is constant.
Apart from the above assumptions, it is assumed that there is only one type of active catalyst sites
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for simplicity [227]. A mathematical model for this reactor has the form [226]
dY
dt




































































· Y · [M1]










· Y · [M2]
Hf = (FM1Cp1 + FM2Cp2 + FInCpIn + FHCpH)(Tf − Tref )
Hg = FgCpg(Tg − Tref )
Cpg = xM1Cp1 + xM2Cp2 + xInCpIn + xHCpH
Htop = (Fg + bt)(T − Tf )Cpg
bt = VpCv
√
([In] + [M1] + [M2] + [H])RR · T − Pv
Hr = ∆HreacMW1RM1



























The definitions of all the variables in Equations (3.32) and (3.33) are listed in Table 3.1. The values
of the process parameters are listed in Table 3.2 [222,227,228]. Notice that the parameters used in
calculating the melt index and density have been scaled for proprietary reasons [222].
The process model of Equation (3.32) is linearized at the design steady state given in Table 3.3.
A linear state-space model with eight deviation variables can be obtained, where x1 denotes moles
of active catalyst sites, x2 denotes reactor temperature, x3, x4, x5 and x6 represent gas concentra-
tions of inerts, ethylene, comonomer, and hydrogen respectively, and x7, x8 denote the cumulative
melt index and density of the product. As for the outputs, yc(t) = x2(t) is continuously measured
on line. yd,1 =
[
x3 x4 x5 x6
]′
is obtained every 20 min by using on-line gas chromatography.




, is sampled every
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Parameter Description
Y Moles of active catalyst site
Fc, Fg Flow rate of catalyst and recycle gas
ac Active site concentration of catalyst
kd Deactivation rate constant for the catalyst site
Bw Mass of polymer in the fluidized bed
RM1, RM2 Ethylene and comonomer consumption rate due to reaction
MW1 , MW2 Molecular weight of ethylene and comonomer
kp1, kp2 Pre-exponential factor for polymer propagation rate
Ea Activation energy
R, RR Ideal gas constant, unit of J/(mol·K) and m3atm/(mol·K)
T , Tref , Tf , Tg Reactor, reference, feed and recycle gas temperature
[In], [M1], [M2], [H] Molar concentration of inerts, ethylene, comonomer, hydrogen in the gas phase
CpIn, Cp1, Cp2, CpH Specific heat capacity of inerts, ethylene, comonomer and hydrogen
FIn, FM1 , FM2 , FH Flow rate of inerts, ethylene, comonomer and hydrogen
xIn, xM1 , xM2 , xH Mole fraction of inerts, ethylene, comonomer, hydrogen in the gas
Hf , Hg Enthalpy of fresh feed stream, cooled recycle gas stream to reactor
Htop, Hpol Enthalpy of total gas outflow stream from reactor and polymer
Hr Heat generated by polymerization reaction
bt Overhead gas bleed
Vp Bleed stream valve position
Cv Vent flow coefficient
Pv Pressure downstream of bleed vent
∆Hreac Heat of reaction
Cpg, Cppol Specific heat capacity of the recycle gas and polymer
MrCpr Product of mass and heat capacity of reactor walls
Vg Volume of gas phase in the reactor
MIi, MIc Instantaneous and cumulative melt index of polymer
Di, Dc Instantaneous and cumulative density of polymer
τr Solid phase residence time
k0, k1, k3, k7 Parameters in the inference model for instantaneous melt index of polymer
p0, p1, p2, p4 Parameters in the inference model for instantaneous density of polymer
Table 3.1: Process variables.
30 min, which provides quality information of the polyethylene. In the reaction, the active catalyst
site may become inactive due to spontaneous decay and adsorption of impurities, which forms dead
site and dead polymer chains. Because of the difficulty in measuring the amount of active catalyst
sites, it is necessary to monitor this quantity from a reliable on-line soft sensor. Besides, providing
continuous and reliable estimates for the inter-sample dynamic behavior of these sampled outputs
is also significant for quality control and monitoring.
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ac = 0.548 mol/kg kd = 0.0001 s−1
Bw = 7×104 kg Fc = 1.611×10−3 kg/s
MW1 = 0.02805 kg/mol MW2 = 0.0562 kg/mol
kp1 = 0.085 m3/(mol·s) kp1 = 0.003 m3/(mol·s)
Ea = 37681.2 J/mol Tref = 360 K
R = 8.314 J/(mol·K) RR = 8.2058×10−5 m3 atm/(mol·K)
CpIn = 28.889 J/(mol·K) CpH = 32.238 J/(mol·K)
Cp1 = 46.055 J/(mol·K) Cp2 = 100.48 J/(mol·K)
FIn = 2.52 mol/s FH = 1.6 mol/s
FM1 = 131.13 mol/s FM2 = 3.51 mol/s
Tf = 293 K Fg = 8500 mol/s
Tg = 324.7 K Vp = 0.5
Cv = 7.5 atm−0.5 mol/s Pv = 17 atm
∆Hreac = -3.7430×106 J/kg Cppol = 3558.8 J/(kg·K)
MrCpr = 5.8615×107 J/K Vg = 500 m3
k0 = 0.41 k1 = 0.0726
k3 = 0.3298 k7 = 2.2627×104
p0 = 28.35 p1 = 1.227
p2 = 85.29 p4 = 0.5292
Table 3.2: Process values and units.
Y = 5.778 mol T = 356.68 K
[In] = 217.59 mol/m3 [M1] = 292.40 mol/m3




c = 1.4148 D−1c = 0.0500
Table 3.3: Steady-state operating conditions of system (3.32).
Consider the following multi-rate reduced-order observer design based on Equation (3.5)
A = −0.00068, Bc = 0.01,
Bd =
[
0.01 0.01 0.01 0.01 0.01 0.01
]
,
TR = −562.7, TMc = 72.6,
TMd =
[
13.3 6.03 23.3 13.7 15.9 15.9
]
It is assumed that the first available outputs yd,1, yd,2 are obtained at t = 10 min. The initial condi-
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tions of the process and the observer are given in Table 3.4. The multi-rate observer performance
is tested via MATLAB simulation shown in Figure 3.4.
Initial Condition of the Process Initial Guess of the Observer
Y = 4.6 mol T = 360 K Y = 2.44 mol [In] = 380.28 mol/m3
[In] = 450 mol/m3 [M1] = 340 mol/m3 [M1] = 325.72 mol/m3 [M2] = 144.00 mol/m3







c = 1.5723 D−1c = 0.0511 D
−1
c = 0.0507
Table 3.4: Initial conditions of the process (3.32) and the observer.
In Figure 3.4, the response of inter-sample output predictors (i.e., dotted lines in (b)-(f)) demon-
strates impulsive behavior at sampling times, caused by reinitialization, which brings the predicted
output back to the actual state. As a consequence, it creates discontinuity in the estimates x̂1 as the
observer state z does not change at sampling instants. Figure 3.4(a) shows that the estimates from
the multi-rate observer (i.e., dotted line) has approximately the same convergence rate as that from
the continuous-time design (i.e., dash-dot line). The multi-rate observer design of Equation (3.5)
provides reliable estimation results.
3.5 Conclusions
This chapter proposes a design method for multi-rate observers in linear multi-output systems,
considering both continuous and discrete measurements with asynchronous sampling. It is based
on an available continuous-time Luenberger observer design coupled with multiple, asynchronous
inter-sample predictors for the sampled outputs. This new observer is of hybrid nature, and it is
able to make use of all possible measurements in the system. The stability analysis was carried out
based on Lyapunov’s second method and it is concluded that the error dynamics of the proposed
multi-rate observer will be exponentially stable as long as the sampling period is sufficiently small.
It provides sufficient and explicit conditions, in terms of maximum sampling period, to guarantee
exponential stability, irrespective of perturbations in the sampling schedule. Iteration on the design
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Figure 3.4: Performance of the multi-rate reduced-order observer with inter-sample output predic-
tors: (a) x1 (solid), x̂1 (dash-dot) assuming continuous outputs for all the sensors, and x̂1 (dotted)
with multi-rate outputs; (b) x4 (solid) and x̂4 (dotted) from predictor; (c) x5 (solid) and x̂5 (dotted)
from predictor; (d) x6 (solid) and x̂6 (dotted) from predictor; (e) x7 (solid) and x̂7 (dotted) from
predictor; (f) x8 (solid) and x̂8 (dotted) from predictor.
parameter A is required to achieve satisfactory observer performance, which is limited by the sen-
sor hardware. From the simple third-order example considered, we see that the multi-rate observer
performs much better than the sample-and-hold approach and discrete-time observer design.
The upper bound of the maximum sampling period given by Theorems 1 and 2 is found to be
very conservative from the simulation. Finding a tighter bound would help to select appropriate
sensors for particular systems. This open question will be the subject of future research.
Another important characteristic of the process output, which is time delay, will be taken into
account in the linear observer design in Chapter 4.
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4. MULTI-RATE OBSERVER DESIGN IN LINEAR SYSTEMS WITH MEASUREMENT
DELAY ∗
In Chapter 3, we developed a multi-rate observer design method in linear systems with asyn-
chronous sampling based on a Luenberger observer design coupled with inter-sample predictors.
In this chapter, the problem of multi-rate multi-delay observer design are addressed where both
asynchronous sampling and possible measurement delays are accounted for [287]. The proposed
observer adopts an available multi-rate observer design in the time interval between two consecu-
tive delayed measurements. A dead time compensation approach is developed to compensate for
the effect of delay and update the past estimates when a delayed measurement arrives. The stability
and robustness properties of the multi-rate observer will be preserved under nonconstant, arbitrarily
large measurement delays. A mathematical example and a gas-phase polyethylene reactor example
demonstrate good performance of the proposed observer in the presence of nonuniform sampling
and nonconstant measurement delays.
The chapter is organized as follows. In Section 4.1, the necessity of incorporating measurement
delay in the observer design is given. In Section 4.2, the multi-rate observer design in the absence
of measurement delays are reviewed, which will serve as the basis for the multi-rate multi-delay
observer to be proposed in Section 4.3. Stability analysis of the observer is quite straightforward
based on the stability analysis of a delay-free multi-rate observer and will be discussed in Section
4.3. The applicability of the proposed observer will be illustrated via two case studies in Section
4.4. In Section 4.5, conclusions are drawn from the results of the previous sections.
4.1 Introduction
Motivated by many engineering applications, state estimation of continuous-time dynamic sys-
tems in the presence of sampled and delayed measurements has received lots of attention recently.
∗Reprinted with permission from “A Dead Time Compensation Approach for Multirate Observer Design with
Large Measurement Delays” by C. Ling and C. Kravaris, 2019. AIChE Journal, 65(2), 562–570, Copyright 2018 by
John Wiley and Sons.
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In networked control systems, for example, output data is transmitted over a digital communication
channel in discrete packets, and the network-induced delay becomes non-negligible if the system
to be controlled or monitored is located far away from the computing unit. In chemical processes,
product quality measurements are sampled infrequently and require off-line lab analysis which in-
evitably introduces delay as a consequence of sample preparation, analysis and calculation. Since
the aforementioned systems are usually equipped with multiple sensors of different sampling rates
and different measurement delays, continuous-time and/or single-rate sampled-data observer de-
sign methods from the literature are not directly applicable any more. Hence, the objective of this
work is to develop a state observer which is able to handle multi-rate multi-delay measurements in
linear systems.
Most of the observer design methods using delayed output are based on a chain of state observa-
tion algorithms, where various types of output delay (e.g., constant, time-varying, piecewise) have
been considered. A chain structure algorithm was proposed in [288] for globally drift-observable
systems where the measurement became available after a constant delay. The chain observer con-
sisted of a number of cascaded subsystems where each subsystem reconstructed the system states
at different delayed time instants. It was shown that there exists an observer of suitable dimension
which achieves exponential error decay for any size of delay. A similar methodology was applied
to single-output systems with constant delay where the observer design followed a different path by
using the error linearization with eigenvalue assignment method [148], and consequently enhanced
design flexibility was achieved [289]. A set of cascade high-gain observers with the same structure
was proposed to estimate the states of triangular nonlinear systems when the delay was arbitrarily
long and constant [290]. To reduce the number of subsystems and avoid a long oscillatory transient
behavior, an alternative cascade structure was developed where the first subsystem was an observer
for the delayed state whereas each one of the remaining subsystems was replaced by a state predic-
tor [291]. This design approach can be appropriately adapted to deal with time-varying delay. The
assumption on constant output delay has been relaxed in recent studies. Motivated by the chain-
like structure, a cascade of two observers was proposed for linear systems where the output delay
72
was assumed to be a piecewise constant function of time [292]. A simple observer was derived for
nonlinear systems with time-varying measurement delay and asymptotic stability of the estimation
error was proved by using Lyapunov-Razumikhin tools [293]. In this design, the observer had the
same size as the original system and no particular hypothesis on the delay function was required.
The delayed output considered in all the above contributions is assumed to be continuous. As
most of the product quality measurements in chemical processes are sampled infrequently and are
obtained with a delay, sampling and delay effects need to be simultaneously considered and com-
pensated for in the observer design. A chain observer, composed of several elementary observers
and output predictors in series, was designed to compensate for sampling and large measurement
delay in a class of triangular nonlinear systems in [294]. A robust global exponential observer was
proposed for certain classes of nonlinear systems under sampled measurement with a constant de-
lay, where a state predictor was used to estimate the current state [279]. Two classes of observers
were presented for multi-input multi-output state affine systems based on the continuous-discrete
observer design [273], and the sampled-data observer design coupled with an inter-sample output
predictor [250], respectively. The unknown output delay had an upper bound and it was assumed
that the sampled measurements will become available before the next sampling [295]. Multi-rate
observer design in the presence of multiple measurement delays was proposed and implemented
in a polymerization reactor in [246, 296] where the evolution of the slow measurements was pre-
dicted by using the method of least squares. In spite of the fact that fairly good estimation results
have been achieved, stability analysis of a multi-rate multi-delay observer remained open. Other
multi-rate estimation methods considering measurement delays, such as the extended Kalman fil-
ter [266, 297, 298], and the moving horizon estimation [269–271], have also been investigated. In
addition, a number of results are available in the literature regarding controller design for nonlinear
systems with delays in states, actuators and measurements [299–303].
The problem of multi-rate observer design in the absence of measurement delays was studied
in Chapter 3 for linear systems and will be studied in Chapter 6 for nonlinear systems. Motivated
by the single-rate sampled-data observer design in [250], a multi-rate observer was developed
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based on an available continuous-time design coupled with multiple, asynchronous inter-sample
predictors for the sampled measurements. Each predictor generated an estimate of a sampled
output in between two consecutive measurements using a model-based method. The predictor was
reinitialized once the associated, most-recent measurement became available. Sufficient conditions
were derived to guarantee stability of the error dynamics using Lyapunov’s second method [281],
and the vector small-gain theorem [304], respectively. Furthermore, the multi-rate design provided
robustness with respect to perturbations in the sampling schedule.
In this chapter, we will address the problem of observer design in a linear multi-output system
where measurements are available at different sampling rates and with different delays. Notice that
input delay and state delay are not in the scope of this study. In the case of linear systems, the prob-
lem of controller design that is capable of handling dead time was solved by the well-known Smith
predictor in [305]. It simulates the difference between the delay-free part of the process model and
the process model with dead time. Motivated by dead time compensation algorithms in [305,306],
we approach the multi-rate multi-delay observer design in a two-step manner. First, a multi-rate
observer design [52] is adopted as a starting point and estimates of the current state are obtained
in the time interval between consecutive delayed measurements. Second, we propose a model-
based dead time compensation approach to handle possible measurement delays and show that the
stability property of the multi-rate observer will be preserved under arbitrarily large measurement
delays. Differently from the Smith predictor, the assumption that the process is open-loop stable is
not required. Two attractive features of the approach are that it inherits the stability and robustness
properties from a delay-free multi-rate observer and convergence is not affected by nonconstant
measurement delays. The mathematical example and the industrial gas-phase polyethylene reactor





The zero matrix and identity matrix of appropriate size are denoted by 0 and I , respectively.
The operator ‖·‖ denotes the Euclidean norm of a vector or a matrix. For a matrix A, A′ denotes its
transpose matrix. If A is square, A−1 denotes the inverse matrix. The set of nonnegative integers
is denoted by Z+. For any function x : R→ Rn, we define x(t+) = limh→0 x(t+ h).
4.2.2 Multi-Rate Observer Design in the Absence of Output Delays
This section contains a brief summary of the theoretical results presented in Chapter 3 on linear
multi-rate observer design in the absence of measurement delays, which will serve as the basis of
the multi-rate multi-delay observer design to be proposed in Section 4.3. A reduced-order observer
formulation will be the focus in this chapter because lower dimensionality can ease implementation
of the observer.
Consider a linear system with continuous and sampled outputs in the absence of delays, where


























j), k, j ∈ Z+, i = 1, 2, . . . ,md
(4.1)
where xR ∈ Rn−mc−md is the unmeasurable state, xc ∈ Rmc is the continuously measured state,
xd ∈ Rmd is the remaining state that is slow-sampled, yc denotes the continuous outputs, yd denotes
the sampled outputs at different rates, and u ∈ Rq denotes the control inputs. Fij and Gi,∀i, j =
1, 2, 3, are matrices of appropriate dimensions. tij is the j-th sampling time for the i-th component
in xd, at some sequence of time instants S = {tk}∞k=0. Notice that S is the sequence of all sampling
times in ascending order. The sampling times of each sensor are not necessarily uniformly spaced,
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but satisfying 0 < tij+1− tij 6 τm,∀j ∈ Z+, where τm is the maximum sampling period among all
the sensors.
The multi-rate observer design is based on a continuous-time Luenberger observer design cou-
pled with multiple asynchronous inter-sample predictors. The system of Equation (4.1) can be used
to predict the evolution of the sampled outputs in between two consecutive measurements. The pre-
dicted outputs will then replace the continuous outputs in the implementation of a continuous-time
observer. It was seen in [52] that the model-based prediction provides a more meaningful approach
to approximate the inter-sample behavior as opposed to a sample-and-hold strategy, especially un-
der large sampling period. For t ∈ [t+k , tk+1], suppose a multi-rate observer design of the following
form is available for the multi-rate system of Equation (4.1)
ż(t) = Az(t) +Bcyc(t) +Bdw(t) +Wu(t)
ẇ(t) = F31x̂R(t) + F32yc(t) + F33w(t) +G3u(t)





R (z(t)− TMcyc(t)− TMdw(t))
(4.2)
where z ∈ Rn−mc−md is the observer state, x̂R ∈ Rn−mc−md is the state estimates, and w ∈ Rmd
is the predicted outputs in the sampling interval. The i-th component in w(t) will be reinitialized
once a new measurement yid(tk) becomes available at tk, while the rest of the predictor states do
not change until their measurements are obtained. At a specific time tk, there may be measurement
of more than one output or the sampling of one sensor may coincide with another. Therefore, some
sampling instants may be present more than once in the sequence S, where the reinitialization step
will occur repeatedly but on different elements in w(t).
All the matrices in the multi-rate observer of Equation (4.2) are inherited from a continuous-





is a matrix that forms a controllable pair with A, the matrix W =
























, controllability of the pair(A, [Bc Bd]),
and the Hurwitz matrix A and the transition matrix F not having common eigenvalues, should be
satisfied to guarantee uniqueness of TR, TMc, TMd, and invertibility of TR.
We denote the estimation error in x-coordinates eR(t) = xR(t)− x̂R(t), output prediction error
ew(t) = xd(t)−w(t), and observer error ez(t) = TReR(t) + TMdew(t). Under the above choice of
the observer matrices, the multi-rate observer (4.2) induces the following error dynamics of ez(t)
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(4.4)










To ensure exponential stability of the error dynamics of Equation (4.4), the maximum sampling






























where σ1 and σ2 are the smallest and largest eigenvalues of a unique symmetric positive definite
matrix P respectively, satisfying the Lyapunov equation
A′P + PA = −I (4.7)
This is a sufficient and explicit condition derived from Lyapunov’s second method and it is con-
cluded that the error dynamics of the multi-rate observer will be exponentially stable as long as the
sampling period is sufficiently small, irrespective of perturbations in the sampling schedule (see
[52] for more details).
Remark 9. The multi-rate observer design contains a continuous-time Luenberger observer and
multiple inter-sample output predictors. Consequently, the error dynamics is governed by the ma-
trix M instead of the Hurwitz matrix A exclusively. A, Bc and Bd are the three design parameters
to be selected which play a significant role in “shaping” the error dynamics of the multi-rate ob-
server. If the error dynamics is not stable, then either faster sampling or slower eigenvalues of
A are required to guarantee stability. In most cases, the sampling rate of a sensor is limited by
its capability. Hence, iteration is required to find a good choice of A with satisfactory multi-rate
observer performance.
4.3 Main Results
4.3.1 Proposed Multi-Rate Multi-Delay Observer Design





























j − δij), j ∈ Z+, i = 1, 2, . . . ,md
(4.8)
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where tij denotes the time when the j-th measurement of x
i
d becomes available after some possible




j) is a function of the state x
i
d at time t
i
j−δij .
The measurement delay δij is not constant but is assumed bounded by a positive real number ∆.
Notice that δij = 0 if there is no delay in the output y
i
d. Similar to the multi-rate system of Equation
(4.1), the sampling times of each measurement are not necessarily uniformly spaced, but satisfying
0 <
∣∣(tij′ − δij′)− (tij − δij)∣∣ 6 τm for any consecutive sampling instants.
The proposed observer for the system (4.8) with multiple measurement delays is based on the
multi-rate observer design (4.2) combined with dead time compensation. As depicted in Figure 4.1
(notice that the continuous outputs are not shown), the estimation process is composed of two steps.
First, dead time compensation will be triggered once a delayed measurement is obtained at tij . Past
estimates are recalculated by integrating the observer and compensator equations from tij − δij to
tij . Any available measurement can be used as a delay-free output to reinitialize the corresponding
compensator at its sampling time. The estimates of the current state at tij are consequently updated
at the end of the compensation. This step ensures that these available measurements are used in the
observer without delay, in the same order as they are sampled. Second, the updated estimates are
used as the initial condition of the observer and the inter-sample output predictors at tij . The multi-
rate multi-delay observer operates like a delay-free multi-rate observer when there is no delayed
measurement.
When a sampled and delayed measurement becomes available at tij , dead time compensation is
executed to update the past estimates. For all t ∈ [tij − δij, tij) where δij 6= 0, the following design
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Figure 4.1: An illustration of the proposed two-step estimation process of a multi-rate multi-delay
observer in the presence of two sampled and delayed measurements starting from t0.
of a multi-rate observer with dead time compensation is proposed
ż(t) = Az(t) +Bcyc(t) +Bdw(t) +Wu(t) (4.9a)
ẇ(t) = F31x̂R(t) + F32yc(t) + F33w(t) +G3u(t) (4.9b)


















j′) ∈ [tij − δij, tij) (4.9d)
x̂R(t) = T
−1
R (z(t)− TMcyc(t)− TMdw(t)) (4.9e)
where w ∈ Rmd is the compensator state representing the past estimates for xd(t). Equation (4.9c)
shows the reinitialization of the i-th dead time compensator using the delayed measurement yid(t
i
j)
at its sampling time tij−δij . The outputs that are sampled and measured between tij−δij and tij can be





j′ is the sampling time of the j
′-th measurement of xi′d at t
i′
j′ for all j
′ ∈ Z+, i′ = 1, 2, . . . ,md.
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Remark 10. If the delayed measurement at tij has more than one output, reinitialization should be
performed on multiple dead time compensators in Equation (4.9c).
Remark 11. In Equation (4.9), the observer state z(t), compensator state w(t), control input u(t),
continuous outputs yc(t), and sampled outputs yd(t) all represent the past information in the system
throughout the dead time compensation, which need to be stored in a buffer. Notice that the past
estimates are generated for the purpose of correcting the state estimates at tij based on the delayed
measurement yid(t
i
j) and therefore improving the estimation accuracy afterwards. The memory size
of the buffer will be finite as long as the upper bound of the measurement delay ∆ is finite, as will
be discussed later.
Once the estimates at tij are obtained after the dead time compensation, inter-sample prediction
comes into play in the time interval between two consecutive measurements at tij and t
i′
j′ . For all
t ∈ [tij, ti
′
j′), the multi-rate multi-delay observer follows
ż(t) = Az(t) +Bcyc(t) +Bdw(t) +Wu(t)
ẇ(t) = F31x̂R(t) + F32yc(t) + F33w(t) +G3u(t)
x̂R(t) = T
−1
R (z(t)− TMcyc(t)− TMdw(t))
(4.10)
where w ∈ Rmd is the predicted outputs for the sampled measurements yd(t) in the sampling inter-
val. The inter-sample predictors run simultaneously with the observer, and estimate the evolution
of the sampled outputs, in the same spirit as in a delay-free multi-rate observer. The estimates in
Equation (4.10) can be used for real-time monitoring or control purposes. If a sampled, undelayed
measurement becomes available at tij , the inter-sample prediction will run immediately after reini-
tialization and no dead time compensation will be needed. Algorithm 1 summarizes the estimation
process of the proposed multi-rate multi-delay observer.
Remark 12. Unlike the chain observer where a high dimensionality may be required to reconstruct
the state in the case of large measurement delays [288–291], the proposed multi-rate multi-delay
observer does not require a chain-like structure and the dimension of the observer (4.9) and (4.10)
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Algorithm 1 Algorithm for Linear Multi-rate Multi-delay Observer
STEP 0: Initialize z(t0), w(t0), and solve Equation (4.10) for [t0, tij).
STEP 1: Calculate z(t) and w(t) when a sampled measurement becomes available at tij .
if δij > 0 then
Solve Equation (4.9) for [tij − δij, tij) and update z(tij), w(tij). . Dead time compensation
end if
Reinitialize Equation (4.10) with z(tij), w(t
i




j′). . Inter-sample prediction
STEP 2: Set tij = ti
′
j′ and go to Step 1.
is significantly reduced to (n −mc). Moreover, it can handle multiple nonconstant measurement
delays.
Remark 13. Notice that the continuous measurement considered in the system (4.8) was assumed
delay-free. In case it is delayed, one method is to sample the output at a certain sampling frequency
so that it can be treated as a sampled measurement with delay in the same manner as yd(t), at the
expense of losing some information from the measurement signals. The sampling period should be
less than τm to guarantee stability.
4.3.2 Stability Analysis
Past estimates are recalculated in the dead time compensation once a sampled, delayed mea-
surement becomes available. Estimates at certain times may be calculated more than once, if the
measurement order differs from the sampling order. We name the last updated estimates obtained
from the multi-rate multi-delay observer “final estimates”. We denote t̃ the most-recent sampling
time where the measurements of all the samples taken before t̃ (including t̃) are available. It im-
plies that the final estimates are obtained for all t 6 t̃. Because the measurements are used in the
same order as the way they are sampled when calculating the final estimates, the final estimates
z(t), w(t) and x̂R(t) for all t 6 t̃ in the multi-rate multi-delay observer are identical to those in a
delay-free multi-rate observer, under the same design parameters. Once the final estimates at t̃ are
obtained, all the stored measurements that are sampled before t̃, control inputs, etc. can be cleared
from the buffer.
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Because of the previous assumption that the measurement delay in the system (4.8) has a finite
upper bound ∆, t̃ will approach infinity as t goes to infinity. We label the estimation error eR(t) =
xR(t)− x̂R(t), compensation error (or output prediction error) ew(t) = xd(t)−w(t), and observer
error ez(t) = TReR(t)+TMdew(t). According to the two-step estimation process, we would like to
show convergence of the error dynamics in the dead time compensation as well as the inter-sample
prediction, respectively.
We denote tij the time where the most-recent, delayed measurement becomes available. The
dead time compensation will be performed and for all t ∈ [tij − δij, tij) the error dynamics follows
ėz(t) = Aez(t) +Bdew(t)
ėw(t) = F31T
−1

















j′) ∈ [tij − δij, tij)
(4.11)
Notice that the transition matrix in the above error dynamics is identical to the matrix M given by


















j′) are reinitialized to 0. If the maximum sampling period τm in the multi-rate multi-delay system
of Equation (4.8) is guaranteed to be less than the minimum of the expressions in Equation (4.6),
the final estimates e(t̃) will exponentially converge to 0, in the same manner as a multi-rate observer
in the absence of delay. As the estimates in the dead time compensation are generated by forward
predicting the process model from t̃ with reinitialization at some sampling instants, as a result, e(t)
will converge to zero exponentially in the compensation.
In the inter-sample prediction that follows up, we have that for all t ∈ [tij, ti
′
j′)
ėz(t) = Aez(t) +Bdew(t)
ėw(t) = F31T
−1









e(tij) = 0 holds at
the end of the dead time compensation, it is obvious that e(t) will exponentially converge to zero in
the inter-sample prediction. When a sampled, undelayed measurement becomes available at tij , the
i-th predictor will get reinitialized immediately, and this does not affect stability of the observer.
It can be seen that stability of the proposed multi-rate multi-delay observer completely depends
on the maximum sampling period as in a delay-free multi-rate observer. Thus, the assumption on
an open-loop stable process is not required. In addition, stability of the multi-rate observer will be
preserved under nonconstant and arbitrarily large delays. Another attractive feature of the proposed
approach is that it can handle the situation where the delayed measurement sequence is not in the
same order as the sampling sequence.
Remark 14. The above multi-rate multi-delay observer design can be adapted to a full-order ob-
server formulation, under appropriate modifications. Consider a multi-rate system in the presence
of output delays in the form








j − δij), j ∈ Z+, i = 1, 2, . . . ,md
(4.13)
where Hc is a mc × n matrix for continuous outputs, and H id is the i-th row of the matrix Hd for
sampled and delayed outputs.
Likewise, we first propose the following design of multi-rate full-order observer with dead time
84
compensation for all t ∈ [tij − δij, tij)
ż(t) = Az(t) +Bcyc(t) +Bdw(t) +Wu(t)
ẇ(t) = HdFx̂(t) +HdGu(t)


















j′) ∈ [tij − δij, tij)
x̂(t) = T−1z(t)
(4.14)
where W = TG, and the transformation matrix T satisfies the following Sylvester equation
TF = AT +BcHc +BdHd
After the dead time compensation, inter-sample prediction is used to estimate the evolution of
the sampled outputs in the time interval between two consecutive measurements at tij and t
i′
j′ . For
all t ∈ [tij, ti
′
j′), the multi-rate multi-delay observer follows
ż(t) = Az(t) +Bcyc(t) +Bdw(t) +Wu(t)
ẇ(t) = HdFx̂(t) +HdGu(t)
x̂(t) = T−1z(t)
(4.15)
The multi-rate full-order observer with output delays has a dimension of (n+md). Stability is
inherited from stability of a multi-rate observer in the absence of measurement delays.
4.4 Case Studies
In this section, the third-order system and the industrial gas-phase polyethylene reactor exam-
ples of Chapter 3 are utilized to test the performance of the proposed observer. Perturbations in the
sampling schedule and nonconstant measurement delays will be considered for sampled outputs in
the simulations.
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4.4.1 A Mathematical Example


















yd(tj) = x3(tj − δj), j ∈ Z+
(4.16)
where tj is the j-th measurement time of x3(t) with output delay δj > 0, which is not constant.
The system (4.16) was studied in the absence of measurement delay in Chapter 3. It was found
that the convergence rate of a multi-rate observer depends on the sampling period and this should
be accounted for in the selection of parameters in the multi-rate observer design. As the sampling
period goes to zero, an arbitrarily fast eigenvalue is allowed for A. However, this might deteriorate
observer performance (e.g., large overshoot) in the transient period and the multi-rate observer will
be sensitive to noise. Conversely, as the sampling period becomes larger and larger, it is necessary
to use a slower and slower eigenvalue forA, leading to lower observer performance. Thus, iteration
is required to find a good choice of A with satisfactory performance.
A multi-rate reduced-order observer design [52], which serves as the basis of a multi-rate multi-
delay observer, is used with the following design parameters: A = −10, Bc = 1, and Bd = 2.
Sampling normally takes place every 0.14 s. However, perturbations in the sampling schedule and
nonconstant measurement delays are considered here. The actual sampling times and their corre-
sponding measurement delays are listed in Table 4.1. As can be seen, the measurement delay could
be either smaller or larger than the following sampling period. It has been illustrated in Section 3.4
that the estimates from the multi-rate observer converge to the actual state after approximately 0.4
s. Next, we would like to show that stability of the multi-rate observer will be preserved in the pres-
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ence of measurement delays. Figure 4.2 shows the performance of multi-rate multi-delay observer




, x̂1(0) = 92,
and w(0) = 20. We see from Figure 4.2(a) that the estimate from multi-rate multi-delay observer
converges to the actual state after 0.53 s, which is about 0.13 s slower than the multi-rate observer
in the absence of delay. In Figure 4.2(b), the inter-sample predictor can estimate the inter-sample
behavior with high accuracy after a few samplings. Inevitably, the presence of measurement delay
induces slower convergence of the observer compared with the delay-free multi-rate observer.
Sampling (s) 0 0.11 0.28 0.40 0.56 0.66 0.78 0.95
Delay (s) 0.12 0.13 0.14 0.13 0.12 0.14 0.13 0.15
Table 4.1: Actual sampling schedule and measurement delays in system (4.16).
4.4.2 A Gas-Phase Polyethylene Reactor
The application of a multi-rate multi-delay observer is then explored in an industrial gas-phase
polyethylene reactor (see Figure 3.3), where the measurement delays of on-line gas chromatogra-
phy and off-line lab analysis will be accounted for. In this reactor, the polymerization takes place
at the interface between the solid catalyst and the polymer matrix. The feed to the reactor, which
consists of ethylene, comonomers, hydrogen, and inerts, provides the fluidization by using a high
rate of gas recycle. Ziegler-Natta catalysts are fed continuously to the reactor. The heat generated
from the exothermic reaction is removed through a heat exchanger. The product, polyethylene,
discharges near the base of the reactor as solid powder.
In the operating range of industrial interest, the fluidized-bed reactor in Figure 3.3 can often be
modeled as a single-phase, well-mixed CSTR [215]. For simplicity, it is assumed that there is only
one type of active catalyst sites [227]. A mathematical model for this reactor has the form [226]
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estimate (multi-rate observer w/ delay)
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predicted output w/o delay
predicted output w/ delay
Figure 4.2: Comparison of the multi-rate multi-delay observer (red) for the system (4.16) and the
multi-rate observer in the absence of measurement delay (green): (a) actual and estimated state of
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Hf = (FM1Cp1 + FM2Cp2 + FInCpIn + FHCpH)(Tf − Tref )
Hg = FgCpg(Tg − Tref )
Cpg = xM1Cp1 + xM2Cp2 + xInCpIn + xHCpH
Htop = (Fg + bt)(T − Tf )Cpg
bt = VpCv
√
([In] + [M1] + [M2] + [H])RR · T − Pv
Hr = ∆HreacMW1RM1



























The definitions of all the variables in Equations (4.17), (4.18) and the values of the process param-
eters are listed in Tables 3.1 and 3.2 in Section 3.4.
As for outputs, the reactor temperature is continuously measured on line without delay. The
gas concentrations of inerts, ethylene, comonomer and hydrogen are normally sampled every 20
min and measured by using on-line gas chromatography, which induces about 8 min delay caused
by sample preparation (2.5 min), analysis (4 min), and computer calculation (1.5 min) [307]. In
addition, the off-line lab analysis of melt index and density is normally sampled every 40 min with
60 min delay, which provides quality information of the polyethylene [222]. During the reaction,
the active catalyst site may become inactive due to spontaneous decay and adsorption of impurities,
which forms dead site and dead polymer chains. Because of the difficulty in measuring the amount
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of active catalyst sites in the reactor, it is necessary to monitor this quantity from a reliable on-line
soft sensor. Providing continuous and reliable estimates for the inter-sample dynamic behavior of
these sampled outputs is also significant for quality control and monitoring.
The process model (4.17) is linearized at the design steady state given in Table 4.2 and a linear
state-space model can be obtained. System output to be used in an observer will be generated from
the linearized model. The multi-rate multi-delay observer is based on a multi-rate observer design
in the absence of delay with the following design parameters
A = −0.00068, Bc = 0.01,
Bd =
[
0.01 0.01 0.01 0.01 0.01 0.01
]
,
TR = −562.7, TMc = 72.6,
TMd =
[
13.3 6.03 23.3 13.7 15.9 15.9
]
It is assumed that the first sample of gas chromatography is taken at t = 5 min and the first sam-
ple of lab analysis is taken at t = 10 min. Perturbations in the sampling schedule and nonconstant
measurement delays are considered in the simulation, whereas it was assumed uniform sampling
without delay in Section 3.4. The actual sampling schedule and their corresponding measurement
delays are given in Table 4.3. Notice that the measurement delay of gas chromatography is smaller
than its sampling period whereas the delay of off-line lab analysis is relatively larger. The initial
conditions of the process and the observer are given in Table 4.4.
Y = 5.778 mol T = 356.68 K
[In] = 217.59 mol/m3 [M1] = 292.40 mol/m3




c = 1.4148 D−1c = 0.0500
Table 4.2: Steady-state operating conditions of system (4.17).
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Gas chromatography
Sampling (min) 5 23 43 62.5 81.5 102 122 140
Delay (min) 8.0 8.7 8.5 7.5 8.0 8.0 8.2 7.8
Sampling (min) 161.5 179.5 199.5 219 238 258.5 278.5 300.5
Delay (min) 8.5 8.3 8.0 8.2 7.7 8.0 8.0 8.3
Lab analysis
Sampling (min) 10 48 93 134 170 210 248 288
Delay (min) 60 56 62.8 66.3 54.5 60 60.5 66.7
Table 4.3: Actual sampling schedule and measurement delays in system (4.17).
Initial Condition of the Process Initial Guess of the Observer
Y = 4.6 mol T = 360 K Y = 2.44 mol [In] = 380.28 mol/m3
[In] = 450 mol/m3 [M1] = 340 mol/m3 [M1] = 325.72 mol/m3 [M2] = 144.00 mol/m3







c = 1.5723 D−1c = 0.0511 D
−1
c = 0.0507
Table 4.4: Initial conditions of the process (4.17) and the observer.
The performance of multi-rate multi-delay observer is shown in Figure 4.3, where it is com-
pared with a multi-rate observer in the absence of measurement delays with the same design pa-
rameters. Figure 4.3(a) shows that the estimate from the multi-rate multi-delay observer has ap-
proximately the same convergence rate as that from the multi-rate design. Figures 4.3(b)-(f) show
the evolution of estimated outputs obtained from inter-sample predictors and in this way, the inter-
sample behavior can be reconstructed under nonuniform sampling schedule. When a sampled and
delayed measurement arrives, dead time compensation is performed by integrating Equation (4.9)
from sampling time to current time and therefore the estimates will get updated, which explains the
impulsive behavior. The multi-rate multi-delay observer design (4.9)&(4.10) provides reliable esti-
mation results. In the presence of multiple measurements, the reduced-order observer formulation
is preferred because the dimension would be significantly lower than the full-order formulation.
Remark 15. In Figure 4.3, the estimates of the linear multi-rate multi-delay observer is evaluated
against the states of the linearized process model around the designed steady state. However, it
is well-known that linear observers can be inadequate in the presence of strong process nonlin-






Figure 4.3: Comparison of the multi-rate multi-delay observer (red) and the multi-rate observer in
the absence of measurement delay (green) in the linearized gas-phase polyethylene reactor exam-
ple.
gain computed from linearization can be constructed to estimate the states in a nonlinear system,
where the nonlinear model will be used in the dead time compensation and inter-sample prediction
to cope with the nonlinearities.
4.5 Conclusions
The chapter proposes a design method for multi-rate multi-delay observers in linear systems. It
is based on an available multi-rate observer design (see Chapter 3) combined with dead time com-
pensation, where continuous and sampled measurements, in the presence of possible measurement
delays, are accounted for. The estimation process has two steps: (i) dead time compensation when
a delayed measurement becomes available and then current estimates are updated, (ii) inter-sample
prediction in the time interval between two consecutive delayed measurements. Two attractive fea-
tures of the proposed observer are that it inherits the stability and robustness properties from a
delay-free multi-rate observer and it can handle nonconstant and arbitrarily large measurement de-
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lays. Unlike the chain observers in the literature where a high dimension may be required in the
case of large delays, the proposed observer has the same dimension as a multi-rate observer for a
delay-free system. From the two case studies, we see that the multi-rate multi-delay observer can
provide reliable estimation results. The presence of delays in the measurements inevitably slows
down convergence of the observer.
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5. OPTIMAL MULTI-RATE OBSERVER DESIGN IN LINEAR SYSTEMS
The previous Chapters 3 and 4 have focused on the problem of incorporating different types of
measurements in a unified observer framework in linear multi-rate systems, for prescribed eigen-
values of the error dynamics. There is still one piece of information missing regarding the selection
of observer design parameters. In many practical problems, it is possible to use empirical rules for
the selection of the eigenvalues of the error dynamics, in conjunction with trial and error (i.e., sim-
ulation and evaluation of the observer response in the presence of modeling error and measurement
error), and obtain an observer with satisfactory performance.
In this chapter, the desirable eigenvalues of the error dynamics are adjustable parameters in the
observer design procedure. Because the observer is dual to the state feedback controller, a rigorous
approach for observer design by optimizing an appropriate performance index will be developed in
the same spirit as gain selection in optimal state feedback control. As mentioned in Chapter 1, there
is a trade-off between the convergence rate of the observer and the estimation accuracy affected by
measurement noise. The optimal pole placement of observer is not a simple problem, which should
be based on the criteria such as noise level, parameter variation, reliability, and ease of synthesis.
In general, as the eigenvalues of the error dynamics get faster, the decay of the initial error will get
faster. But at the same time, state estimates lose accuracy because the effect of measurement noise
gets magnified. Conversely, as the eigenvalues of the error dynamics get slower, state estimates get
less affected by measurement noise, but the decay of the initial error will get slower and the effect
of modeling error of the the process dynamics will get more pronounced.
Because of this qualitative behavior and the fact that measurement error is usually independent
of modeling error of state dynamics, it makes sense to use a performance index which is a weighted
sum of measure of the effect of dynamic model error on the accuracy of state estimates and measure
of the effect of measurement error on the accuracy of state estimates. The weight coefficient may be
selected in accordance with the relative magnitude between modeling error and measurement error
in the dynamic system.
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The use of a performance index of the above form is in alignment with the intuitive formulation
of linear multi-rate observer design of Equation (3.5), as trying to reach a compromise between the
dynamic model and the measurement model, which are not perfectly consistent due to the presence
of errors. Optimization of the performance index will give the optimal compromise.
The rest of the chapter is organized as follows. We start from the problem of optimal single-rate
observer design in Section 5.1, where the selection of observer gain is formulated as an optimiza-
tion problem. A few important properties of a single-rate observer will be discussed. Second-order
systems and a numerical example are used to study the relationship between sampling period and
feasible range of the eigenvalues of observer design parameter, and an analytical bound can be ob-
tained. The optimal single-rate observer design method is then illustrated via studying the observer
response to single unit impulse in the modeling and measurement error. In Section 5.2, the optimal
multi-rate observer design is demonstrated on a class of linear systems in the presence of two types
of measurements, i.e., one fast-sampled and the other slow-sampled. A numerical example is used
to illustrate the applicability of the method. In Section 5.3, conclusions are drawn from the results
of the previous sections.
5.1 Optimal Single-Rate Observer Design
The study in this section is developed based on the multi-rate observer design in Chapter 3 with
focus on the reduced-order observer formulation. Single-rate measurements are considered here as
a special case and it is assumed that no continuous measurements are involved. In other words, all
the measurements are discrete and synchronized in this class of sampled-data systems.
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5.1.1 Problem Formulation
Consider a linear single-rate sampled-data system where the output is assumed to be available
at discrete time instants tk
ẋR(t) = F11xR(t) + F12xM(t) + γ1v(t)
ẋM(t) = F21xR(t) + F22xM(t) + γ2v(t)
y(tk) = xM(tk) + βu(tk), k = 0, 1, 2, . . .
(5.1)
where xR ∈ Rn−m is the unmeasured state vector, xM ∈ Rm is the remaining state vector which
is directly measured, y is the output vector, v and u are two unknown scalar functions of time that
represent uncertainty in the dynamic model and in the measurement model respectively. γ1, γ2 and
β are constant column vectors that account for the relative accuracy of the model and measurement
equations. The sampling times of all the measurements are synchronized and it is assumed that the
sampling period τ is uniform. The system input is omitted here for brevity.
Suppose the system (5.1) is observable if the outputs were assumed to be continuous and hence,
a continuous-time Luenberger observer design is available. From the proposed multi-rate observer
design (3.5), for t ∈ [t+k , tk+1], we have the following single-rate reduced-order observer design
ż(t) = Az(t) +Bw(t)
ẇ(t) = F21x̂R(t) + F22w(t)




where z = TRx̂R + TMw is the observer state, w ∈ Rm is the predicted output, and TR, TM satisfy





 = A [TR TM]+B [0 I] (5.3)
97
We denote the estimation error in x-coordinates eR(t) = xR(t)− x̂R(t), output prediction error
ew(t) = xM(t) − w(t), and observer error ez(t) = TReR(t) + TMew(t). The difference between
the single-rate observer (5.2) and the multi-rate observer (3.5) is that the entire vector of prediction
error ew(t) will be reinitialized to 0 at tk, as shown in the following error dynamics of the observer
for t ∈ [t+k , tk+1] in the absence of modeling and measurement error
ėz(t) = Aez(t) +Bew(t)
ėw(t) = F21T
−1





k ) = 0
(5.4)































Thus, the error dynamics of the observer in the sampling interval has the same stability property as
the original system dynamics. Using Equation (5.4), the error vectors at two consecutive sampling

























 exp(Mτ) for simplicity. As mentioned in
the mathematical example of Chapter 3, the estimation error will converge to 0 if ρ(G) < 1, where
ρ(G) is the spectral radius of G.
Remark 16. As the sampling period τ approaches 0, we calculate the change of estimation error













Because of the fact that limτ→0G =
I 0
0 0
, we have limτ→0(G−I)e(t+k ) = 0. Using L’Hôpital’s


















where ew(t+k ) will be reinitialized to 0 at each sampling instant.
As the sampling period τ approaches 0, the adjacent sampling instants become infinitely close
so that we will remove the index k and consider the sampling is performed in a continuous manner.
Therefore, the error dynamics of z(t) follows
ėz(t) = Aez(t)
which is governed by the arbitrarily selected A matrix. Thus, the error dynamics in z-coordinates
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will behave exactly the same as in a continuous-time Luenberger observer.
The single-rate observer (5.2) is designed in z-coordinates and state estimates in the original x-
coordinates can be reconstructed after linear transformation. Equivalently, there exists an observer
in x-coordinates, and it can be derived using Equations (5.2) and (5.3)
˙̂xR = T
−1
R (ż − TM ẇ)
= T−1R Az + T
−1
R Bw − T
−1
R TMF21x̂R − T
−1





= F11x̂R + F12w + l · (y(tk)− w(t−k ))δ(t− tk)
ẇ = F21x̂R + F22w + (y(tk)− w(t−k ))δ(t− tk)
where l = −T−1R TM is the observer gain in a reduced-order Luenberger observer design, δ(t) is a
unit impulse function that has the effect of reinitializing the state estimates x̂R(t) and the predictor
state w(t) at each sampling time tk. We denote w(t−k ) = limh→0w(tk − h). For t ∈ [t
+
k , tk+1], we
have the following single-rate observer coupled with inter-sample predictors
˙̂xR(t) = F11x̂R(t) + F12w(t)
ẇ(t) = F21x̂R(t) + F22w(t)
x̂R(t
+
k ) = x̂R(t
−
k ) + l · (y(tk)− w(t
−
k ))
w(t+k ) = y(tk)
(5.6)
where the reinitialization step is shown explicitly on the state x̂R and w at tk. For t ∈ [t+k , tk+1], the
error dynamics of the observer (5.6), in the absence of modeling and measurement error, follows
ėR(t) = F11eR(t) + F12ew(t)
ėw(t) = F21eR(t) + F22ew(t)
eR(t
+
k ) = eR(t
−





k ) = 0
(5.7)
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We denote Γ =
I −l
0 0
 exp(Fτ) for simplicity. It can be shown that the matrix G shares the



























Thus, it is concluded that the estimation error will converge to zero if ρ(Γ) < 1.
Note that the discussions above do not consider the modeling error v(t) and measurement error
u(t) in the derived error dynamics of the observer. Next, the problem of optimal gain selection will
be discussed. It makes more sense to adopt the single-rate observer in x-coordinates as the gain l
would be the only parameter to be optimized, as opposed to optimize two design parameters A and
B if the observer in z-coordinates is adopted.
Now we denote x̂ =
x̂R
w
 , L =
 l
I
 , γ =
γ1
γ2






, and we can write the
observer (5.6) in a compact form
˙̂x(t) = Fx̂(t)
x̂(t+k ) = x̂(t
−




The dynamics of the estimation error ε(t), in the presence of modeling error and measurement
error, is described by
ε̇(t) = Fε(t) + γv(t)
ε(t+k ) = ε(t
−




We see that the uncertainties v(t) and u(t), in the model and the measurement respectively, are
inputs to the dynamics of the state estimation error ε(t) so that it is possible to evaluate their effect
by studying the response of ε(t) to standard changes, e.g., unit impulse. Since measurement error is
often independent of modeling error of state dynamics, it is possible to calculate the corresponding
estimation error caused by the modeling error v(t) and the measurement error u(t) separately. So
we denote εv(t) the corresponding state estimation error if the modeling error is a continuous-time
unit impulse function (i.e., v(t) = δ(t)), in the absence of measurement error and initial condition
error. Likewise, we denote εu(t) the corresponding state estimation error if the measurement error
is a discrete-time unit impulse function (i.e., u(t) = δ[t]), in the absence of initial condition error
and modeling error.
In case v(t) and u(t) are superpositions of impulses of random magnitude occurring at random









where Mvi is the magnitude of the impulse occurring at ti and Muk is the magnitude of the impulse
occurring at discrete time instants tk. The effect of each impulse on the state estimation error will
be additive








It should be emphasized at this point that a rigorous analysis of the error due to the presence
of noise should be based on a stochastic formulation of the problem, to calculate and minimize the
covariance of the state estimation error (see the discussions on Kalman filter in Chapter 1), which
is beyond the scope of this dissertation.
A simpler approach to the problem of finding the optimal compromise between modeling error
and measurement error is to consider a single continuous-time unit impulse for v(t) and a single








where ‖·‖ is the Euclidean norm in Rn (i.e., ‖x‖2 = x′x), εv(t) and εu(t) are the responses of the
estimation error to unit impulse changes in v(t) and u(t) respectively. ρ > 0 is a weight coefficient.
The first integral is a measure of the effect of modeling error on the accuracy of the state observer,
whereas the second integral is a measure of the effect of measurement error on the accuracy of the
observer.
Because εv(t) and εu(t) are responses to unit-magnitude impulses in v(t) and u(t), and because
they are squared inside the integrals, it is reasonable to choose the weight coefficient as the ratio of
the mean value of [u(t)]2 divided by the mean value of [v(t)]2, so that the performance index J is
proportional to the overall measure of the squared error. In particular, given statistical information
on v(t) and u(t), the weight coefficient ρ may be chosen as
ρ =
(Standard deviation of noise u)2
(Standard deviation of noise v)2
First, the response of the estimation error to a unit impulse change in v(t) will be investigated,
in the absence of measurement error and initial condition error. εv(t) can be calculated in the first
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few sampling periods using Equation (5.8) as follows

















and the previously mentioned matrix Γ = (I − LH) exp(Fτ).



















exp(F (t− 2τ))εv(2τ+)ε′v(2τ+) exp(F ′(t− 2τ)) dt+ · · ·
)































exp(F (t− 2τ))εv(2τ+)ε′v(2τ+) exp(F ′(t− 2τ))
)]
dt+ · · ·
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+) exp(F ′τ)− εv(0+)ε′v(0+)
+ exp(Fτ)εv(τ
+)ε′v(τ
+) exp(F ′τ)− εv(τ+)ε′v(τ+)
+ exp(Fτ)εv(2τ
+)ε′v(2τ
+) exp(F ′τ)− εv(2τ+)ε′v(2τ+) + · · ·
(5.10)








Γiγγ′(Γ′)i and we have
ΓSvΓ
′ = Γγγ′Γ′ + Γ2γγ′(Γ′)2 + · · · (5.11)
Sv − ΓSvΓ′ = γγ′ (5.12)
where limn→∞ Γn = 0 as long as the error dynamics is stable.
Second, the response of the estimation error to a unit impulse change in u(t) will be discussed,
in the absence of modeling error and initial condition error. εu(t) can be calculated in the first few
sampling periods using Equation (5.8) as follows












. . . . . .
(5.13)
We denote Ju =
∫∞
0










following the similar steps above, we obtain
FPu + PuF
′ = exp(Fτ)Su exp(F
′τ)− Su (5.14)
Su − ΓSuΓ′ = Lββ′L′ (5.15)
as long as the error dynamics of the observer is stable.
Now we combine the two integrals Jv, Ju, and seek for the minimum of the performance index
(5.9). Using Equations (5.10), (5.12), (5.14) and (5.15), the problem of single-rate observer design




s.t. FP + PF ′ = exp(Fτ)S exp(F ′τ)− S
S − ΓSΓ′ = γγ′ + ρLββ′L′
(5.16)
where P = Pv + ρPu and S = Sv + ρSu.
5.1.2 Case Studies
In Section 3.4, the proposed multi-rate observer was first applied to a third-order system with
one continuous measurement and one sampled measurement. The feasible range of observer design
parameterA (that guarantees stability of the error dynamics) as a function of the sampling period τ
was calculated numerically using interval halving and was illustrated in Figure 3.1. In this section,
second-order systems will be used to study the relationship between sampling period and feasible
range of the eigenvalue of design parameter and a closed-form bound can be derived in the absence
of modeling error and measurement error. The optimal single-rate observer design method will be
illustrated through a second-order numerical example.
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Consider a general second-order system in the presence of one sampled output
ẋR(t) = F11xR(t) + F12xM(t)
ẋM(t) = F21xR(t) + F22xM(t)
y(tk) = xM(tk), k = 0, 1, 2, . . .
(5.17)
where y ∈ R is the sampled output. It will be assumed that the sampling period τ is uniform. F11,
F12, F21 and F22 are scalars in this case. The single-rate observer will be designed in z-coordinates














with ew(t+k ) = 0, once the predictor state is reinitialized after sampling.
Next we would like to study the feasible range of A as a function of the sampling period τ . In
[308], an explicit formula was derived for the exponential of a general 2×2 complex matrix, given
in terms of the eigenvalues of the matrix. It is assumed thatM has two distinct eigenvalues λ and µ
satisfying µ > λ. Then an explicit formula of G, which involves the calculation of an exponential



























µ exp(λτ)− λ exp(µτ) + A exp(µτ)− A exp(λτ)µ− λ B exp(µτ)−B exp(λτ)µ− λ
0 0

The estimation error e(t) will converge to zero if ρ(G) < 1. Hence, the following inequalities
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need to be solved
µ exp(λτ)− λ exp(µτ) + A exp(µτ)− A exp(λτ)
µ− λ
> −1
µ exp(λτ)− λ exp(µτ) + A exp(µτ)− A exp(λτ)
µ− λ
< 1
As a result, the feasible range of the design parameter A satisfies
λ− µ+ λ exp(µτ)− µ exp(λτ)
exp(µτ)− exp(λτ)
< A <
µ− λ+ λ exp(µτ)− µ exp(λτ)
exp(µτ)− exp(λτ)
(5.18)
A numerical example will be used to study the relationship between the sampling period τ and
the feasible range of the eigenvalues of the design parameterA. Consider the following state-space













y(tk) = x2(tk) + u(tk), k = 0, 1, 2, . . .
where x1 ∈ R is the unmeasured state and x2 ∈ R is the sampled state. In the absence of modeling
error and measurement error (i.e., v(t) = u(t) ≡ 0), the design parameters of single-rate observer
are fixed asA = −0.05 andB = 1. Figure 5.1(a) shows how the uniform sampling period τ affects
the spectral radius of G. It is observed that the error dynamics become unstable once τ > 51 s. At
τ = 22.3 s, the spectral radius of G becomes 0 and the observer becomes deadbeat. Figure 5.1(b)
depicts the feasible range of A as a function of the sampling period τ , which is obtained using the
closed-form expression in Equation (5.18).
In the presence of modeling error and measurement error, an optimal single-rate observer will
be designed in the case that a single continuous-time unit impulse for v(t) and a single discrete-
time unit impulse for u(t) are considered and a performance index of Equation (5.9) is minimized.
The sampling period τ = 10 and the weight coefficient ρ = 1 are chosen. Solving the optimization
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Sampling period τ (s)
















spectral radius of G
Sampling period τ (s)













upper bound of A
lower bound of A
Figure 5.1: (a) Spectral radius of G as a function of the sampling period τ (uniform) when A =
−0.05 and B = 1; (b) feasible range of A as a function of the sampling period τ (uniform) when
B = 1.
of Equation (5.16), the optimal observer design has the following parameters
l = 0.8488, P =
18.0782 18.2493
18.2493 19.7712




5.2 Optimal Multi-Rate Observer Design with Fast and Slow Measurements
In this section, optimal multi-rate observer design is demonstrated on a class of systems in the
presence of two sampling rates. Besides, it will be assumed that the high sampling rate is an integer
multiple of the low sampling rate, which implies that the two types of sampling are synchronized
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at the sampling time instants of the slow measurement.
5.2.1 Problem Formulation
Consider a linear multi-rate sampled-data system with fast- and slow-sampled measurements,
where without loss of generality, the output is assumed to be a part of the state vector
ẋR(t) = F11xR(t) + F12xMf (t) + F13xMs(t) + γ1v(t)
ẋMf (t) = F21xR(t) + F22xMf (t) + F23xMs(t) + γ2v(t)
ẋMs(t) = F31xR(t) + F32xMf (t) + F33xMs(t) + γ3v(t)
yf (tf,i) = xMf (tf,i) + βfuf (tf,i), i = 0, 1, 2, . . .
ys(ts,j) = xMs(ts,j) + βsus(ts,j), j = 0, 1, 2, . . .
(5.19)
where xR ∈ Rn−mf−ms is the unmeasured state vector, xMf ∈ Rmf is the fast-sampled state vector,
xMs ∈ Rms is the slow-sampled state vector, tf,i is the i-th sampling time for the fast measurement
yf , and ts,j is the j-th sampling time for the slow measurement ys. v, uf and us are the unknown
scalar functions of time that represent uncertainty in the dynamic model, fast measurement model,
and slow measurement model respectively. γ1, γ2 and γ3 are constant column vectors that account
for the relative accuracy of the model equations. βf and βs are constant column vectors that account
for the relative accuracy of the measurement equations. It will be assumed that the sampling period
of the fast measurement is uniform (i.e., τf = τ ), and the sampling period of the slow measurement
is uniform and is an integer multiple of τf (i.e., τs = aτ where a is a positive integer).
Suppose the system (5.19) is observable if the outputs were assumed to be continuous and thus,
a continuous-time Luenberger observer design is available. From the proposed multi-rate observer
110
design (3.5), for t ∈ [t+f,i, tf,i+1], we have the following multi-rate reduced-order observer design
ż(t) = Az(t) +Bfwf (t) +Bsws(t)
ẇf (t) = F21x̂R(t) + F22wf (t) + F23ws(t)
ẇs(t) = F31x̂R(t) + F32wf (t) + F33ws(t)
wf (t
+
f,i) = yf (tf,i)
ws(t
+
s,j) = ys(ts,j), if tf,i = ts,j
x̂R(t) = TR
−1(z(t)− TMfwf (t)− TMsws(t))
(5.20)
where z = TRx̂R + TMfwf + TMsws is the observer state, wf ∈ Rmf , ws ∈ Rms are the predicted
outputs for the fast and slow measurements, respectively. If the sampling of the slow measurement
coincides with the sampling of the fast measurement, all the predictor states, including ws, will get

















The multi-rate observer (5.20) is designed in z-coordinates and state estimates in the original x-
coordinates can be reconstructed after linear transformation. Equivalently, there exists an observer
in x-coordinates, and it can be derived using Equations (5.20) and (5.21)
˙̂xR = T
−1
R (ż − TMf ẇf − TMsẇs)
= F11x̂R + F12wf + F13ws + lf · (yf (tf,i)− wf (t−f,i))δ(t− tf,i)
+ ls · (ys(ts,j)− ws(t−s,j))δ(t− ts,j)
ẇf = F21x̂R + F22wf + F23ws + (yf (tf,i)− wf (t−f,i))δ(t− tf,i)
ẇs = F31x̂R + F32wf + F33ws + (ys(ts,j)− ws(t−s,j))δ(t− ts,j)
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where lf = −T−1R TMf and ls = −T
−1
R TMs are the observer gains in a reduced-order Luenberger
observer design, δ(t) is a unit impulse function that has the effect of reinitializing the state estimates
x̂R(t) and the predictor states wf (t), ws(t) at corresponding sampling instants. For t ∈ [t+f,i, tf,i+1],
we have the following multi-rate observer coupled with inter-sample predictors
˙̂xR(t) = F11x̂R(t) + F12wf (t) + F13ws(t) (5.22a)
ẇf (t) = F21x̂R(t) + F22wf (t) + F23ws(t) (5.22b)












s,j) + ls · (ys(ts,j)− ws(t−s,j)), if tf,i = ts,j (5.22e)
wf (t
+
f,i) = yf (tf,i) (5.22f)
ws(t
+
s,j) = ys(ts,j), if tf,i = ts,j (5.22g)
where the reinitialization step is shown explicitly on x̂R,wf ,ws at corresponding sampling instants.
At tf,i = ts,j , both fast and slow measurements become available and thus, Equations (5.22e) and


















































f,i) + Lf · (yf (tf,i)− wf (t
−
f,i)), if tf,i 6= ts,j
x̂(t+s,j) = x̂(t
−
s,j) + L ·
yf (tf,i)− wf (t−f,i)
ys(ts,j)− ws(t−s,j)
 , if tf,i = ts,j
The dynamics of the estimation error ε(t), in the presence of modeling error and measurement
error, is described by
ε̇(t) = Fε(t) + γv(t)
ε(t+f,i) = ε(t
−
f,i)− Lf · (yf (tf,i)− wf (t
−




yf (tf,i)− wf (t−f,i)
ys(ts,j)− ws(t−s,j)
 , if tf,i = ts,j
(5.23)
Similar to the optimal single-rate observer design, it is possible to evaluate the effects of mod-
eling error v(t) and measurement errors uf (t), us(t) separately by studying the response of ε(t) to
standard changes, e.g., unit impulse. We will denote εv(t) the corresponding state estimation error
if the modeling error is a continuous-time unit impulse function (i.e., v(t) = δ(t)), in the absence of
measurement error and initial condition error. We denote εf (t) the corresponding state estimation
error if the error of the fast measurement is a discrete-time unit impulse function (i.e., uf (t) = δ[t]),
in the absence of modeling error, initial condition error and error of the slow measurement. Last,
we denote εs(t) the corresponding state estimation error if the error of the slow measurement is
a discrete-time unit impulse function (i.e., us(t) = δ[t]), in the absence of modeling error, initial
condition error and fast measurement error.
The optimal observer gain will be selected by finding the optimal compromise among modeling
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error, error of the fast measurement and error of the slow measurement. We consider a single unit











where εv(t) is the response of the estimation error to a unit impulse change in v(t), εf (t) and εs(t)
are the responses of the estimation error to a unit impulse change in uf (t) and us(t), respectively.
ρf , ρs > 0 are the weight coefficients of estimation error caused by the fast measurement error and
the slow measurement error, respectively.
First, the response of the estimation error to a unit impulse change in v(t) will be discussed, in
the absence of measurement error and initial condition error. εv(t) can be calculated for t ∈ [0, aτ)
using Equation (5.23) as follows




t ∈ [τ, 2τ) : εv(τ+) = (I − LfHf )εv(τ−),




. . . . . .
t ∈ [(a− 1)τ, aτ) : εv((a− 1)τ+) = (I − LfHf )εv((a− 1)τ−),
εv(t) = exp(F (t− (a− 1)τ))εv((a− 1)τ+),
εv(aτ
−) = exp(Fτ)εv((a− 1)τ+)
t ∈ [aτ, (a+ 1)τ) : εv(aτ+) = (I − LH)εv(aτ−),




















, Γf = (I−LfHf ) exp(Fτ),
and Γ = (I − LH) exp(Fτ).



















exp(F (t− aτ))εv(aτ+)ε′v(aτ+) exp(F ′(t− aτ)) dt+ · · ·
)




+) exp(F ′τ)− εv(0+)ε′v(0+)
+ exp(Fτ)εv(τ
+)ε′v(τ
+) exp(F ′τ)− εv(τ+)ε′v(τ+) + · · ·
+ exp(Fτ)εv(aτ
+)ε′v(aτ
+) exp(F ′τ)− εv(aτ+)ε′v(aτ+) + · · ·
(5.25)





+) and we have
ΓfSvΓ
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f − Sv = ΓafQv(Γ′f )a −Qv (5.27)
Qv − ΓcQvΓ′c = γγ′ (5.28)
where limn→∞ Γnc = 0 as long as the error dynamics is stable.
Second, the response of the estimation error to a unit impulse change in uf (t) will be discussed,
in the absence of modeling error, initial condition error and error of the slow measurement. εf (t)
can be calculated for t ∈ [0, aτ) using Equation (5.23) as follows
t ∈ [0, τ) : εf (0+) = −Lfβf , εf (t) = exp(Ft)εf (0+),
εf (τ
−) = exp(Fτ)εf (0
+)
t ∈ [τ, 2τ) : εf (τ+) = (I − LfHf )εf (τ−),
εf (t) = exp(F (t− τ))εf (τ+),
εf (2τ
−) = exp(Fτ)εf (τ
+)
. . . . . .
t ∈ [(a− 1)τ, aτ) : εf ((a− 1)τ+) = (I − LfHf )εf ((a− 1)τ−),
εf (t) = exp(F (t− (a− 1)τ))εf ((a− 1)τ+),
εf (aτ
−) = exp(Fτ)εf ((a− 1)τ+)
t ∈ [aτ, (a+ 1)τ) : εf (aτ+) = (I − LH)εf (aτ−),
εf (t) = exp(F (t− aτ))εf (aτ+),
εf ((a+ 1)τ
−) = exp(Fτ)εf (aτ
+)
. . . . . .
For simplicity, we denote Jf =
∫∞
0

















k. By following the similar steps above, we obtain
FPf + PfF




f − Sf = ΓafQf (Γ′f )a −Qf (5.30)
Qf − ΓcQfΓ′c = Lfβfβ′fL′f (5.31)
as long as the error dynamics of the observer is stable.
Third, the response of the estimation error to a unit impulse change in us(t) will be discussed,
in the absence of modeling error, initial condition error and error of the fast measurement. Notice
that the detailed derivation of εs(t) in each sampling period is omitted here which can be obtained
in the same spirit as the analysis of εf (t).
For simplicity, we denote Js =
∫∞
0
















k. By following the similar steps above, we obtain
FPs + PsF




f − Ss = ΓafQs(Γ′f )a −Qs (5.33)
Qs − ΓcQsΓ′c = Lsβsβ′sL′s (5.34)
as long as the error dynamics of the observer is stable.
We combine the three integrals Ju, Jf , Js, and seek for the minimum of the performance index




s.t. FP + PF ′ = exp(Fτ)S exp(F ′τ)− S
ΓfSΓ
′
f − S = ΓafQ(Γ′f )a −Q
Q− ΓcQΓ′c = γγ′ + ρfLfβfβ′fL′f + ρsLsβsβ′sL′s
(5.35)
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where P = Pv + ρfPf + ρsPs, S = Sv + ρfSf + ρsSs, and Q = Qv + ρfQf + ρsQs.
5.2.2 A Numerical Example
In this section, the optimal multi-rate observer design will be illustrated via a third-order math-





















yf (tf,i) = x2(tf,i) + uf (tf,i), i = 0, 1, 2, . . .
ys(ts,j) = x3(ts,j) + us(ts,j), j = 0, 1, 2, . . .
where x1 is the unmeasured state, x2 is the fast-sampled state with uniform sampling period τf =
0.04 s, and x3 is the slow-sampled state with uniform sampling period τs = 0.08 s. So it is obvious
that a = 2. Besides, ρf = ρs = 1 are selected as the weight coefficients in the performance index
(5.24), which will be minimized. Solving the optimization of Equation (5.35), the optimal observer

























This chapter develops an optimal multi-rate observer design method based on the linear multi-
rate observer design in Chapter 3. A rigorous approach for observer gain selection is proposed to
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reach a compromise between the effect of dynamic model error on the accuracy of state estimates
and the effect of measurement error on the accuracy of state estimates. The effects of measurement
error and modeling error are evaluated by studying the response of the observer error dynamics to
a unit impulse function. The optimal observer design is formulated as an optimization problem of
minimizing a performance index, and is demonstrated through two classes of linear systems, i.e.,
systems with single-rate measurements and systems with fast and slow measurements. The optimal
observer design is obtained in the case that a single unit impulse is considered for modeling error
and measurement error respectively.
It is possible to generalize the optimal observer design approach to systems with measurements
of more than two sampling rates, but at the cost of more constraints in the optimization formulation.
The derivations can be carried over to more complex linear multi-rate systems.
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6. MULTI-RATE OBSERVER DESIGN IN NONLINEAR SYSTEMS ∗
The previous Chapters 3 to 5 have focused on the multi-rate observer design in linear systems.
However, it is well-known that linear observers can be inadequate in the presence of strong process
nonlinearities. In this chapter, the problem of multi-rate sampled-data observer design in nonlinear
systems under asynchronous sampling will be investigated [309]. The proposed multi-rate observer
is based on a continuous-time design coupled with inter-sample output predictors for the sampled
measurements. The multi-rate system together with the multi-rate observer forms a hybrid system
and it is shown that the error dynamics of the overall system is input-to-output stable with respect
to measurement errors, by applying the Karafyllis-Jiang vector small-gain theorem. The multi-rate
design also offers robustness with respect to perturbations in the sampling schedule. The proposed
method is evaluated on linear detectable systems and two nonlinear examples.
The rest of this chapter is organized as follows. In Section 6.2, we formulate the representation
of a multi-rate sampled-data observer and propose the definitions of robust observers with respect
to measurement errors for forward complete systems. In Section 6.3, we derive the sufficient con-
ditions that guarantee stability of the error dynamics of the multi-rate observer and robustness with
respect to measurement errors as well as perturbations in the sampling schedule. The effectiveness
and applicability of the proposed multi-rate sampled-data observer is illustrated through linear de-
tectable systems and two nonlinear examples in Section 6.4. In Section 6.5, conclusions are drawn
from the results of the previous sections.
6.1 Introduction
The objective of this chapter is to develop an observer in multi-rate sampled-data systems under
asynchronous sampling. The problem of nonlinear observer design has been intensively studied for
systems under fast sampling [130, 132, 148, 155, 264], which can be potentially applied to estima-
∗Parts of this chapter are reproduced with permission from “Multi-Rate Sampled-Data Observers Based on a
Continuous-Time Design” by C. Ling and C. Kravaris, 2017. in Proceedings of the 56th IEEE Conference on De-
cision and Control, Melbourne, Australia, 3664–3669, Copyright 2017 by IEEE.
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tion, process control, and fault detection and identification. Motivated by practical implementation
needs, however, one of the biggest challenges is to design a state observer for general multi-rate
systems (e.g., chemical processes, biological systems, networked control systems), where different
sampling rates of sensors need to be accommodated in the observer design framework.
The observer design for linear multi-rate systems was investigated in [52] and [280]. The ap-
proach in [280] involves modeling each sensor as a sample-and-hold device and deriving sufficient
Krasovskii-based conditions for exponential stability in terms of linear matrix inequalities, given
some maximum allowable sampling period for each sensor. In [52], we reported a continuous-time
Luenberger observer design coupled with asynchronous inter-sample predictors. Each predictor, in
the same spirit as in [250, 279], generates an estimate of a sampled output in between consecutive
measurements, and will get reinitialized once the associated, most-recent measurement becomes
available. Sufficient and explicit conditions were established in terms of maximum sampling pe-
riod in [52] to guarantee exponential stability of the error dynamics. Both approaches adopted an
available continuous-time observer design but employed different methods (i.e., sample-and-hold
strategy and model-based prediction, respectively) to approximate the inter-sample behavior. The
two approaches also provide robustness with respect to perturbations in the sampling schedule.
In nonlinear systems, the focus has been primarily on single-rate sampled-data observer design
based on a mixed continuous and discrete strategy. Inspired by [72], the continuous-discrete time
Kalman filter has been adapted to the framework of observer design for continuous-time systems
with sampled measurements. In [273], an observer for continuous-discrete state affine systems was
designed, similar to the structure of the Kalman filter, when the inputs are regularly persistent. The
results in [273] were extended to observer design for state affine systems up to output injection in
[274] and adaptive observer design in [310]. The continuous-discrete approach has been applied to
high-gain observers in [131, 275, 276, 311–313]. In general, the continuous-discrete observer con-
sists of two steps: (i) open-loop prediction when no measurements are available, and (ii) impulsive
correction once a new measurement becomes available. A similar idea was used in [277,314], and
sufficient conditions with guaranteed global convergence of estimation error were derived in terms
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of LMIs.
The problem of nonlinear multi-rate observer design has received very little attention, consider-
ing the challenge in stability analysis that arises from the asynchronous nature of different sensors
and uncertainty in the sampling schedule. A nonlinear multi-rate observer design was developed in
[315] based on an approximate discrete-time model, with guaranteed semiglobal practical input-to-
state stability (ISS) from exogenous disturbance to estimation error. An artificial fast-rate sampler
and a hold device were introduced to reconstruct the missing outputs as well as the inputs between
sampling times, which were then fed to a single-rate observer working at a base sampling period
of the plant. The results were extended to one-sided Lipschitz systems in [316]. A hybrid observer
was reported for a class of nonlinear systems with multi-rate sampled and delayed measurements,
with global exponential stability of the error dynamics [317]. However, it assumes a certain special
structure of the nonlinear system for the method to be applicable.
In this work, the proposed multi-rate sampled-data observer design adopts the idea in [250,279]
of using a state predictor to approximate the inter-sample behavior, but in a more general context,
where multiple inter-sample predictors are utilized for the multi-rate system. These predictors will
be running asynchronously at the same time and each predictor generates an estimate of the evo-
lution of a sampled output between consecutive measurements, in the same spirit as [52] for linear
systems. The existence of a continuous-time observer is a prerequisite for a multi-rate observer
design. This is a common assumption in the continuous-discrete observer design for sampled-data
systems [311]. Taking the measurement errors as inputs and the estimation errors as outputs, the
notion of input-to-output stability (IOS), originated from [318] for systems described by ordinary
differential equations, is adopted for stability analysis of the sampled-data system and the multi-
rate observer. Since the overall system is a hybrid system in the sense that the classical semigroup
property does not hold, the notion of weak semigroup property introduced in [319, 320] will be
utilized, as it is more relaxed than the semigroup property and allows to study a very general class
of systems (e.g., sampled-data systems, networked control systems, and hybrid systems). A direct
product from this system theoretic framework is a small-gain theorem for two interconnected feed-
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back systems [321], which played an important role in the stability analysis of the single-output
sampled-data observer in [250]. The result was further generalized to a vector small-gain theorem
in [304], which allows to study the IOS and ISS properties for large-scale systems that consist of
multiple interacting subsystems, such as the proposed multi-rate sampled-data observer in Section
6.2.
The multi-rate observer design philosophy in this chapter is different from a multi-rate Kalman
filter. This paragraph gives a brief overview of the multi-rate Kalman filtering from the literature.
Wavelet transform-based algorithms for dynamical multi-resolutional distributed filtering were in-
troduced in [322–324]. However, these algorithms were limited to the systems where the ratio of
any two sampling rates was a power of two. The results were extended in [325] such that the ratio
of any two sampling rates was allowed to be any positive integer. Some of the local estimators can
even handle non-uniform sampling rates. However, it is required in the algorithm that the measure-
ment with the highest sampling rate samples uniformly and the number of samples per block of the
other measurements needs to be fixed [325, 326], which limits applications of the algorithm. The
results in [327, 328] on asynchronous estimation problem are relatively computational expensive,
since the state transition matrices need to be computed at every estimation time. The measurement
augmentation at every estimation time also results in high dimensionality and expensive computa-
tional cost. Multi-sensor fusion estimation with non-uniform estimation rates was studied in [329]
where the estimation rate switches between a fast mode and a slow mode according to its power
situation, requirements of estimation performance, and dynamic change of the process. However,
the synchronization assumption on two or more local estimates at some time instants was imposed
in the algorithm. Lin and Sun [330] presented a distributed estimation algorithm for multi-sensor
multi-rate systems where the state update rate is positive integer multiples of the measurement sam-
pling rates and all the sensors have uniform sampling schedule. Notice that all the aforementioned
multi-rate Kalman filter design [322–330] did not account for control input, on the understanding
that the multi-rate estimation can be used for process or condition monitoring, target tracking, and
localization.
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In summary, the proposed multi-rate observer is different from the existing multi-rate Kalman
filters in the following aspects:
• This chapter addresses the multi-rate state estimation problem in general nonlinear systems
and rigorous stability analysis is conducted. To the best of the author’s knowledge, almost all
the multi-rate Kalman filters in the literature [322–330] are limited to linear systems.
• The proposed multi-rate design can handle non-uniform and asynchronous sampling in non-
linear systems, whereas the multi-rate Kalman filters in [322–330] required that the sampling
period of each measurement is uniform, the ratio of any two sampling periods is an integer,
and the sampling of different measurements synchronize at some time instants periodically.
Up to now, optimal multi-rate Kalman filter with arbitrary ratio of sampling periods is still an
open problem [325]. However, these assumptions are removed from the multi-rate observer
design to be proposed in this chapter.
• As long as the maximum sampling period does not exceed a certain limit, the error dynamics
of the proposed multi-rate observer is input-to-output stable, irrespective of perturbations in
the sampling schedule. The robustness property is important in practical implementation as
non-uniform sampling could occur if the sample is taken manually by operators.
6.2 Formulation of the Sampled-Data Observer
6.2.1 Notations
Throughout the chapter, we adopt the following notations.
• K+ denotes the class of positive, continuous functions defined on R+ := {x ∈ R : x > 0}.
We say that a function ρ : R+ → R+ is positive definite if ρ(0) = 0 and ρ(s) > 0,∀s > 0. K
denotes the set of positive definite, increasing and continuous functions. We say a positive
definite, increasing and continuous function ρ : R+ → R+ is of classK∞ if lims→+∞ ρ(s) =
+∞. We denote by KL the set of all continuous functions σ = σ(s, t) : R+ × R+ → R+
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with the two properties: (i) the mapping σ(·, t) is of class K for each t > 0; (ii) the mapping
σ(s, ·) is non-increasing with limt→+∞ σ(s, t) = 0 for each s > 0.
• The set of nonnegative integers is denoted by Z+.
• Rn+ := {[x1, . . . , xn]′ ∈ Rn : x1 > 0, . . . , xn > 0}. Let x, y ∈ Rn. We say that x 6 y if and
only if (y − x) ∈ Rn+. We say that a function ρ : Rn+ → R+ is of class Nn if ρ is continuous
with ρ(0) = 0 and such that ρ(x) 6 ρ(y) for all x, y ∈ Rn+ with x 6 y.
• For every positive integer l and an open, non-empty set A ⊆ Rn, C l(A; Ω) denotes the class
of continuous functions on A with continuous derivatives of order l, which take values in
Ω ⊆ Rm. C0(A; Ω) denotes the class of continuous functions on A which take values in Ω.
• We denote by ‖·‖X the norm of the normed linear space X . By | · |, we denote the `1-norm
of Rn. Let I ⊆ R+ be an interval and D ⊆ Rl be a non-empty set. By L∞loc(I;D), we
denote the class of all Lebesgue measurable and locally bounded functions u : I → D.
For u ∈ L∞loc(R+;Rn), we define the norm ‖u(t)‖U :=
∑n
i=1 supτ∈[0,t] |ui(τ)|. Notice that
supτ∈[0,t] |ui(τ)| denotes the actual supremum of |ui(t)| on [0, t].
6.2.2 Problem Formulation
Consider a multi-output continuous-time autonomous system, where without loss of generality,
the output is assumed to be a part of the state vector
ẋR(t) = fR(xR(t), xM(t))
ẋM(t) = fM(xR(t), xM(t))
y(t) = xM(t)
(6.1)
with xR ∈ Rn−m being the unmeasured state vector, xM ∈ Rm being the remaining state vector
that is directly measured, y denoting the output vector, and fR ∈ C1(Rn−m × Rm;Rn−m), fM ∈
C1(Rn−m × Rm;Rm) with fR(0, 0) = 0, fM(0, 0) = 0.
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Note that the above system does not have an input. The understanding here is that an observer
will be built for the purpose of condition monitoring of system (6.1).
In the presence of multiple measurements, it makes more sense to use a reduced-order observer
so that a significantly lower dimensionality can ease implementation of the observer. Therefore, a
reduced-order observer formulation will be the focus of this work. Suppose that a continuous-time
reduced-order observer design is available for system (6.1)
ż(t) = F (z(t), y(t))
x̂R(t) = Ψ(z(t), y(t))
(6.2)
where z ∈ Rk is the observer state, x̂R ∈ Rn−m is the state estimates, and F ∈ C1(Rk × Rm;Rk),
Ψ ∈ C1(Rk × Rm;Rn−m) with F (0, 0) = 0, Ψ(0, 0) = 0.
The output equation of system (6.1) should be modified under slow-sampled measurements,
which yields the following multi-rate sampled-data system
ẋR(t) = fR(xR(t), xM(t))





j), j ∈ Z+, i = 1, 2, . . . ,m
(6.3)
where tij denotes the j-th sampling time for the i-th component in xM , at some sequence of time
instants S = {tk}∞k=0. The sampling times of the i-th sensor form an infinite subsequence which
tends to infinity. These sampling times are not necessarily uniformly spaced, but satisfying 0 <
tij+1 − tij 6 r for all j ∈ Z+, where r is the maximum sampling period among all the sensors. The
sampling times from all the subsequences are considered as the sampling times of the multi-rate
sampled-data system (6.3). Notice that S is the sequence of all sampling times in ascending order.
There is a one-to-one mapping from {tij : j ∈ Z+, i = 1, 2, . . . ,m} to {tk}∞k=0. Finally, we assume
there is no measurement available at the initial time t0.
As mentioned in Section 6.1, a continuous-time design (6.2) will serve as the basis of a multi-
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rate observer design in the presence of asynchronous sampled measurements, as long as the inter-
sample behavior is taken care of. In this way, a continuous-time observer design from the literature
can be reused in the context of a multi-rate observer so that we do not need to design from scratch.
System (6.3) can be used to predict the evolution of the output between consecutive measurements.
As depicted in Figure 6.1, we propose the multi-rate sampled-data observer design
ż(t) = F (z(t), w(t)), t ∈ [tk, tk+1)
ẇ(t) = fM(Ψ(z(t), w(t)), w(t)), t ∈ [tk, tk+1)
wi(tk+1) = y
i(tk+1)
x̂R(t) = Ψ(z(t), w(t)), x̂R ∈ Rn−m
(6.4)
This observer has the same dynamics as the continuous-time observer (6.2). The predictors operate
continuously at different time horizons, which generate additional signals w(t) to approximate and
replace the output y(t) in the implementation of the continuous-time observer (6.2). wi(t) will be
reinitialized once a new measurement yi(tk+1) becomes available, while the rest of the predictor
states do not change until their measurements are obtained. By integrating the predictor equations,
a model-based correction is applied on the most-recent measurement. Notice that tk and tk+1 are
not necessarily the sampling times from the same sensor. It was seen in [52] that the model-based
prediction offers a more meaningful approach to approximate the inter-sample behavior instead of
a simple sample-and-hold strategy, especially under large sampling period.
It is important to point out that the sampled-data system (6.3) together with the multi-rate ob-
server (6.4) is a hybrid system, which does not satisfy the classical semigroup property. However,
the weak semigroup property still holds (see [319,320]). The recent results in [304,319–321] for a
wide class of systems will be used in the proof of the main theorem to be stated in the next section.
From the main theorem, other important features of this multi-rate sampled-data observer include:
(i) the missing inter-sample behavior can be reconstructed by using the inter-sample predictors,
(ii) as long as the maximum sampling period is sufficiently small, if the continuous-time observer
implementation guarantees stability of the error dynamics and robustness with respect to measure-
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ẋR = fR(xR, xM )







ẇ1 = f1M (Ψ(z, w), w), t ∈ [t1j , t1j+1)
w1(t1j+1) = y
1(t1j+1)




ż = F (z, w)











Figure 6.1: Schematic of the multi-rate sampled-data observer with the plant in the absence of
measurement error.
ment errors, then the multi-rate observer will inherit these properties as well. These properties are
unaffected by perturbations in the sampling schedule, which is a major advantage of the proposed
hybrid implementation as opposed to an approximate discrete-time observer approach. Moreover,
this continuous-discrete observer approach is able to use all possible measurements with different
sampling rates, without making common assumptions when a discrete-time observer is used, such
as that the sampling periods of the sensors are uniform and/or their ratios are rational numbers.
6.2.3 Basic Notions
We require that the following assumption holds.
Assumption 1. System (6.1) is forward complete.
Assumption 1, according to the main results in [331], implies the existence of functions µ ∈ K+
and a ∈ K∞ such that for every (xR,0, xM,0) ∈ Rn−m × Rm, the solution (xR(t), xM(t)) of (6.1)
with initial condition (xR(0), xM(0)) = (xR,0, xM,0) exists for all t > 0 and satisfies
|(xR(t), xM(t))| 6 µ(t)a(|(xR,0, xM,0)|), ∀t > 0 (6.5)
In other words, a finite dimensional system described by ordinary differential equations is forward
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complete if and only if the corresponding solution exists for all t > 0 and for every initial condition
[279].
Similarly to Definition 2.1 in [250] but in the context of a reduced-order observer, it is necessary
to propose the following notion of robust observer for system (6.1) with respect to measurement
errors, which is important for developing the main results of this work.
Definition 1. The system
ż(t) = F (z(t), y(t)), z ∈ Rk
x̂R(t) = Ψ(z(t), y(t)), x̂R ∈ Rn−m
(6.6)
where F ∈ C1(Rk × Rm;Rk), Ψ ∈ C1(Rk × Rm;Rn−m) with F (0, 0) = 0, Ψ(0, 0) = 0, is called
a robust observer for system (6.1) with respect to measurement errors, if the following conditions
are met:
(i) there exist functions σ ∈ KL, γ, p ∈ N1, µ ∈ K+ and a ∈ K∞ such that for every
(xR,0, xM,0, z0, v) ∈ Rn−m × Rm × Rk × L∞loc(R+;Rm), the solution (xR(t), xM(t), z(t)) of
ẋR(t) = fR(xR(t), xM(t))
ẋM(t) = fM(xR(t), xM(t))
ż(t) = F (z(t), xM(t) + v(t))
x̂R(t) = Ψ(z(t), xM(t) + v(t))
(6.7)
with initial condition (xR(0), xM(0), z(0)) = (xR,0, xM,0, z0) corresponding to v ∈ L∞loc(R+;Rm)
exists for all t > 0 and satisfies the following estimates
|x̂R(t)− xR(t)| 6 σ(|(xR,0, xM,0, z0)|, t) + γ(‖v(t)‖U), ∀t > 0 (6.8a)
|z(t)| 6 µ(t)[a(|(xR,0, xM,0, z0)|) + p(‖v(t)‖U)], ∀t > 0 (6.8b)
(ii) for every (xR,0, xM,0) ∈ Rn−m × Rm, there exists z0 ∈ Rk such that the solution
(xR(t), xM(t), z(t)) of system (6.7) with initial condition (xR(0), xM(0), z(0)) = (xR,0, xM,0, z0)
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corresponding to v ≡ 0, satisfies xR(t) = Ψ(z(t), xM(t)) for all t > 0.
Remark 17. If the system (6.6) is a robust observer for system (6.1) with respect to measurement
errors, then system (6.7) with the output Y = Ψ(z, xM + v) − xR satisfies the uniform input-to-
output stability (UIOS) property from the input v ∈ L∞loc(R+;Rm) with gain γ ∈ N1 (see [321] for
more details).
Instead of using on-line, continuous outputs, a multi-rate sampled-data observer uses outputs
at discrete sampling times in S = {tk}∞k=0. The sampling partition is not necessarily uniform, but
there exists a maximum sampling period r acting as the upper bound on each sampling interval.
Next, we propose the definition of a robust multi-rate sampled-data observer.
Definition 2. The system









where g ∈ C1(Rk × Rk;Rk), G ∈ C0(Rk × R;Rk), Ψ ∈ C1(Rk;Rn−m) with g(0, 0) = 0,
G(0, 0) = 0, Ψ(0) = 0, is called a robust multi-rate sampled-data observer for system (6.3) with
respect to measurement errors, if the following conditions are met:
(i) there exist functions σ ∈ KL, γ, p ∈ N1, µ ∈ K+ and a ∈ K∞ such that for every
(xR,0, xM,0, ζ0, d, v) ∈ Rn−m × Rm × Rk × L∞loc(R+; [0, 1])× L∞loc(R+;Rm), the solution
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(xR(t), xM(t), ζ(t)) of
ẋR(t) = fR(xR(t), xM(t))
ẋM(t) = fM(xR(t), xM(t))





ζ(t), xiM(tk+1) + v
i(tk+1)
)
tk+1 = tk + rd(tk)
x̂R(t) = Ψ(ζ(t))
(6.10)
with initial condition (xR(0), xM(0), ζ(0)) = (xR,0, xM,0, ζ0) corresponding to d ∈ L∞loc(R+; [0, 1])
and v ∈ L∞loc(R+;Rm) exists for all t > 0 and satisfies the following estimates
|x̂R(t)− xR(t)| 6 σ(|(xR,0, xM,0, ζ0)|, t) + γ(‖v(t)‖U), ∀t > 0 (6.11a)
|ζ(t)| 6 µ(t)[a(|(xR,0, xM,0, ζ0)|) + p(‖v(t)‖U)], ∀t > 0 (6.11b)
(ii) for every (xR,0, xM,0) ∈ Rn−m×Rm, there exists ζ0 ∈ Rk such that for all d ∈ L∞loc(R+; [0, 1]),
the solution (xR(t), xM(t), ζ(t)) of (6.10) with initial condition (xR(0), xM(0), ζ(0)) =
(xR,0, xM,0, ζ0) corresponding to d ∈ L∞loc(R+; [0, 1]) and v ≡ 0, satisfies xR(t) = Ψ(ζ(t)) for all
t > 0.
Remark 18. If the system (6.9) is a robust multi-rate sampled-data observer for system (6.3) with
respect to measurement errors, then the system (6.10) with the output Y = Ψ(ζ)− xR satisfies the
UIOS property from the input v ∈ L∞loc(R+;Rm), with gain γ ∈ N1 (see [321], where the notion
of UIOS is defined for hybrid systems, e.g., (6.10), which does not satisfy the classical semigroup
property).
Remark 19. The sampling period in each subsequence is allowed to be time-varying. The equation
tk+1 = tk + rd(tk) generates the sampling instants in S sequentially with 0 6 tk+1 − tk 6 r for
all k ∈ Z+. The value that d(tk) takes introduces uncertainty to the end-point of each sampling
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interval. Proving stability for any disturbance d ∈ L∞loc(R+; [0, 1]) will guarantee stability for all
sampling schedules of system (6.10).
Remark 20. At a specific instant tk, there could be measurement of more than one output or the
sampling of one sensor may coincide with another (i.e., d(tk) = 0). Hence, some sampling instants
may appear more than once in the sequence S, where the reinitialization step will occur repeatedly
but on different elements in w(t).
6.3 Main Results
Recently, the nonlinear small-gain theorem was generalized from two interconnected systems
to large-scale complex systems consisting of multiple, interacting input-to-output stable (or input-
to-state stable) subsystems in [332–334]. In [334], a more general cyclic small-gain criterion was
developed for continuous-time, input-to-output stable systems. It can be described in general terms
as follows: the composition of the gain functions along every simple cycle is less than the identity
function, where a simple cycle is a closed path with no repeated subsystems other than the starting
and ending ones [335]. In [304], a generalization of several previously developed nonlinear small-
gain theorems was obtained. Uniform and non-uniform IOS and ISS properties were studied for a
wide class of nonlinear feedback systems that do not satisfy the semigroup property, such as hybrid
and switched systems.
In this section, we assume there exists a robust observer for system (6.1) in the sense of Defi-
nition 1, and would like to give conditions such that stability of the error dynamics and robustness
with respect to measurement errors still hold for the multi-rate design.
Theorem 3. Consider system (6.1) under Assumption 1 and suppose that (6.6) is a robust observer
for system (6.1) with respect to measurement errors. Moreover, suppose that there exist constants
Ci > 0 and functions σ̄i ∈ KL for all i = 1, 2, . . . ,m, such that for every (xR,0, xM,0, z0, v) ∈
Rn−m ×Rm ×Rk ×L∞loc(R+;Rm), the solution (xR(t), xM(t), z(t)) of (6.7) with initial condition
(xR(0), xM(0), z(0)) = (xR,0, xM,0, z0) corresponding to v ∈ L∞loc(R+;Rm) exists for all t > 0
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and satisfies the following estimate
|f iM(Ψ(z(t), xM(t) + v(t)), xM(t) + v(t))− f iM(xR(t), xM(t))|
6 σ̄i(|(xR,0, xM,0, z0)|, t) + Ci ‖v(t)‖U , ∀t > 0
(6.12)
Additionally, suppose that (i) 3rCim < 1 for i = 1, 2, . . . ,m; (ii) 3γ(ms) < s for all s > 0, where
γ ∈ N1 is the gain function in the estimate (6.8a) of the robust observer. Then (6.4) is a robust
multi-rate sampled-data observer for system (6.3) with respect to measurement errors.
Proof. We focus on the following hybrid system, consisting of a sampled-data system and a multi-
rate observer
ẋR(t) = fR(xR(t), xM(t))
ẋM(t) = fM(xR(t), xM(t))
ż(t) = F (z(t), w(t)), t ∈ [tk, tk+1)





tk+1 = tk + rd(tk)
Y (t) = Ψ(z(t), w(t))− xR(t)
(6.13)
By virtue of Definition 2, it is necessary to show that system (6.13) with the output Y = Ψ(z, w)−
xR satisfies the UIOS property from the input v ∈ L∞loc(R+;Rm).
Notice that the hybrid system (6.13) has a distributed structure, where each inter-sample predic-
tor is a subsystem operating asynchronously. Each subsystem receives the corresponding system
output and reinitializes its own inter-sample predictor. These subsystems also communicate with
each other as well as the continuous-time observer by transmitting the predicted outputs. We focus
on the i-th subsystem and treat wj(t) (j 6= i) and vi(t) as inputs to this subsystem. First, the bound-
edness of ‖w(t)− xM(t)‖U will be established. Next, we will focus on the overall hybrid system
(6.13) and study the UIOS property from the actual input v ∈ L∞loc(R+;Rm). A vector small-gain
theorem (see [304]) will be used to complete the proof.
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Now consider the i-th subsystem from the distributed structure, where wj(t) (j 6= i) and vi(t)
is considered as inputs
ẋR(t) = fR(xR(t), xM(t))
ẋM(t) = fM(xR(t), xM(t))
ż(t) = F (z(t), w(t)), t ∈ [tij, tij+1)












Y (t) = Ψ(z(t), w(t))− xR(t)
(6.14)
which satisfies the weak semigroup property. Because any two different samplings can never occur
at the same time in a subsystem (i.e., tij1 6= t
i
j2
if j1 6= j2), disturbance d ∈ L∞loc(R+; (0, 1]) is used
to introduce perturbations in the sampling schedule of the i-th subsystem, and this rules out the
Zeno phenomenon. Because system (6.6) is a robust observer for system (6.1) with respect to mea-
surement errors, it follows from (6.8a), (6.8b), and (6.12) that for every (xR,0, xM,0, z0, wi0, d) ∈
Rn−m×Rm×Rk×R×L∞loc(R+; (0, 1]), the solution (xR(t), xM(t), z(t), wi(t)) of (6.14) with ini-
tial condition (xR(0), xM(0), z(0), wi(0)) = (xR,0, xM,0, z0, wi0) corresponding to the inputs w
j(t)
where j 6= i (i.e., predicted outputs from other predictors) satisfies the following estimates for all
t ∈ [0, tmax)
|Y (t)| 6 σ̂(|(xR,0, xM,0, z0)|, t) + γ(‖w(t)− xM(t)‖U) (6.15)
|z(t)| 6 µ(t)[a(|(xR,0, xM,0, z0)|) + p(‖w(t)− xM(t)‖U)] (6.16)
|f iM(Ψ(z(t), w(t)), w(t))− f iM(xR(t), xM(t))| 6 σ̄i(|(xR,0, xM,0, z0)|, t) + Ci ‖w(t)− xM(t)‖U
(6.17)
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Since Assumption 1 holds, we obtain from (6.5) and (6.16)
|(xR(t), xM(t), z(t))| 6 µ̄(t)[ā(|(xR,0, xM,0, z0)|) + p(‖w(t)− xM(t)‖U)], ∀t ∈ [0, tmax)
(6.18)
for appropriate functions σ̂, σ̄i ∈ KL, γ, p ∈ N1, µ, µ̄ ∈ K+ and a, ā ∈ K∞, where tmax ∈ (0,+∞]
is the maximal existence time of the solution.
Consider those time intervals where the reinitialization step occurs at the beginning. For all




∣∣f iM(Ψ(z(s), w(s)), w(s))− f iM(xR(s), xM(s))∣∣ ds+ |vi(tij)|
6 rσ̄i(|(xR,0, xM,0, z0)|, tij) + rCi ‖w(t)− xM(t)‖U + |v
i(tij)|




where σi1(s, t) = rσ̄
i(s, t − r) for t > r and σi1(s, t) = exp(r − t)rσ̄i(s, 0) for t < r. Notice that
σi1(s, t) ∈ KL. Because there is no measurement available at the initial time ti0 = 0, we make an
initial guess wi(ti0) = w
i(0) = wi0 for the i-th state of the predictor. For all t ∈ [0, ti1) ∩ [0, tmax),
we get
|wi(t)− xiM(t)| 6 |wi0 − xiM,0|+ r sup
06s6t
|f iM(Ψ(z(s), w(s)), w(s))− f iM(xR(s), xM(s))|
6 |wi0|+ |xiM,0|+ rσ̄i(|(xR,0, xM,0, z0)|, 0) + rCi ‖w(t)− xM(t)‖U
6 σi2(|(xR,0, xM,0, z0, wi0)|, t) + rCi ‖w(t)− xM(t)‖U
(6.20)
where σi2(s, t) = [rσ̄
i(s, 0) + s] exp(r − t) and σi2(s, t) ∈ KL. Combining (6.19) and (6.20), we
conclude that the following estimate holds for all t ∈ [0, tmax) and for i = 1, 2, . . . ,m




From Equation (6.21), the fact that
m∑
i=1
rCi < 1/3, and the assumption that tmax is finite, it










From (6.18), (6.21), (6.22), and the Boundedness-Implies-Continuation (BIC) property (see [319])
for system (6.14), we conclude that tmax = +∞. Consequently, all the above inequalities hold for
all t > 0 and thus, t ∈ [0, tmax) can be replaced by t > 0 in these inequalities. In addition, the BIC
property of each subsystem implies that the BIC property holds true for the overall hybrid system
(6.13) with tmax = +∞.
Now, we are in a position to study the UIOS property of the overall hybrid, multi-rate system
(6.13) from the actual input v ∈ L∞loc(R+;Rm). A vector small-gain theorem will be used to check
stability of the large-scale hybrid systems composed of multiple interconnected subsystems.
Without loss of generality, we may assume that µ̄(t) > 1 in (6.18). From (6.18), (6.22), and
the triangle inequality |w(t)| 6 |w(t)− xM(t)|+ |xM(t)|, we obtain for all t > 0
|(xR(t), xM(t), z(t), w(t))| 6 2µ̄(t)[â(|(xR,0, xM,0, z0, w0)|) + p̂(‖v(t)‖U)] (6.23)






























 (notice that p̂ ∈ N1). Furthermore, (6.23) and the
BIC property of the hybrid system (6.13) imply the following important properties:
• System (6.13) is robustly forward complete from the input v ∈ L∞loc(R+;Rm).
• 0 ∈ Rn−m ×Rm ×Rk ×Rm is a robust equilibrium point from the input v ∈ L∞loc(R+;Rm),
with any output function H(t, xR, xM , z, w, v) with H(t, 0, 0, 0, 0, 0) = 0 for all t > 0.
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The inequality (6.23) also yields
|(xR(t), xM(t), z(t), w(t))| 6 µ̄2(t) + [â(|(xR,0, xM,0, z0, w0)|) + p̂(‖v(t)‖U)]
2
6 µ̄2(t) + 2â2(|(xR,0, xM,0, z0, w0)|) + 2p̂2(‖v(t)‖U)
6 3 max
{
µ̄2(t), 2â2(|(xR,0, xM,0, z0, w0)|), 2p̂2(‖v(t)‖U)
} (6.24)
Consider system (6.13) with the output map that we have defined and apply the vector small-
gain theorem with the following functions
γi,j(s) =

3rC1ms . . . 3rC1ms 0 . . . 0
... . . .
...
... . . .
...
3rCmms . . . 3rCmms 0 . . . 0
3γ(ms) . . . 3γ(ms) 0 . . . 0
... . . .
...
... . . .
...
3γ(ms) . . . 3γ(ms) 0 . . . 0

, ∀i, j = 1, 2, . . . , n



















: Rn+ → Rn+,
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L(t, xR, xM , z, w) = |(xR(t), xM(t), z(t), w(t))|,




σi(s, t) + σ̂(s, t)
)
,
ν(t) = 3µ̄2(t), c ≡ 1, ζ(s) = 3s,
a(s) = 6â2(s), pu(s) = 6p̂2(s), p ≡ 0,
b(s) = s, g ≡ 0, µ(t) = β(t) = κ(t) ≡ 1, q(x) = xn(x ∈ Rn+)
where Γ(x) : Rn+ → Rn+ is a MAX-preserving continuous map (see [304] for the definition) with
Γ(0) = 0.
Now, Hypotheses (H1)-(H4) of the vector small-gain theorem are satisfied by virtue of the
above definitions, and inequalities (6.15), (6.21), (6.22) and (6.23). We conclude that the hybrid
system (6.13) satisfies the UIOS property from the input v ∈ L∞loc(R+;Rm). In other words, there
exist functions σ̃ ∈ KL, γ̃, p̃ ∈ N1, µ̃ ∈ K+ and ã ∈ K∞ such that for every (xR,0, xM,0, z0, w0, d, v)
∈ Rn−m×Rm×Rk×Rm×L∞loc(R+; [0, 1])×L∞loc(R+;Rm), the solution (xR(t), xM(t), z(t), w(t))
of (6.13) with initial condition (xR(0), xM(0), z(0), w(0)) = (xR,0, xM,0, z0, w0) corresponding to
d ∈ L∞loc(R+; [0, 1]) and v ∈ L∞loc(R+;Rm) satisfies the following estimates for all t > 0
|Y (t)| 6 σ̃(|(xR,0, xM,0, z0, w0)|, t) + γ̃(‖v(t)‖U) (6.25a)
|(z(t), w(t))| 6 µ̃(t)[ã(|(xR,0, xM,0, z0, w0)|) + p̃(‖v(t)‖U)] (6.25b)
Moreover, for every (xR,0, xM,0) ∈ Rn−m × Rm, there exists (z0, w0) ∈ Rk × Rm with w0 = xM,0
such that for all d ∈ L∞loc(R+; [0, 1]), the solution (xR(t), xM(t), z(t), w(t)) of (6.13) with initial
condition (xR(0), xM(0), z(0), w(0)) = (xR,0, xM,0, z0, w0) corresponding to d ∈ L∞loc(R+; [0, 1])
and v ≡ 0, satisfies xR(t) = Ψ(z(t), w(t)) for all t > 0.
Remark 21. If we consider system (6.13) with the prediction error as the output map, i.e., Y ′(t) =
w(t)−xM(t), by applying the vector small-gain theorem again, we conclude that with this output,
the hybrid system (6.13) also satisfies the UIOS property from the input v ∈ L∞loc(R+;Rm). In other
words, there exist functions σ̃ ∈ KL and γ̃ ∈ N1 such that for every (xR,0, xM,0, z0, w0, d, v) ∈
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Rn−m×Rm×Rk×Rm×L∞loc(R+; [0, 1])×L∞loc(R+;Rm), the solution (xR(t), xM(t), z(t), w(t))
of (6.13) with initial condition (xR(0), xM(0), z(0), w(0)) = (xR,0, xM,0, z0, w0) corresponding to
d ∈ L∞loc(R+; [0, 1]) and v ∈ L∞loc(R+;Rm) satisfies
|w(t)− xM(t)| 6 σ̃(|(xR,0, xM,0, z0, w0)|, t) + γ̃(‖v(t)‖U), ∀t > 0 (6.26)
Without measurement errors, the error dynamics of the multi-rate sampled-data observer, in-
cluding the inter-sample predictors, will converge to zero asymptotically.
Remark 22. The continuous-time observer design coupled with inter-sample predictors can be ap-
plied to multi-rate full-order observer design, under appropriate modifications. The vector small-
gain theorem is applicable to study the UIOS property of the overall system (i.e., the sampled-data
system and the multi-rate observer) from measurement errors.
6.4 Applications
In this section, the performance of the proposed multi-rate sampled-data observer is illustrated
through linear systems and two nonlinear third-order examples. An explicit formula for estimating
the maximum sampling period will be derived for the linear detectable systems with application to
an oscillator example.
6.4.1 Linear Detectable Systems
Consider a linear detectable system, where without loss of generality, the output is assumed to
be a part of the state vector
ẋR(t) = A11xR(t) + A12xM(t), xR ∈ Rn−m




A reduced-order Luenberger observer design is available





where F is a Hurwitz matrix with desired eigenvalues and forms a controllable pair with H . The





 = F [TR TM]+H [0 I] (6.29)
Consequently, there exists a positive definite matrix P such that F ′P +PF is negative definite and
there exist constants α, δ > 0 such that
x′(F ′P + PF )x+ 2x′PHv 6 −2αx′Px+ δ|v|2 (6.30)
for all (x, v) ∈ Rn−m×Rm. Inequality (6.30) implies for every (xR,0, xM,0, z0, v) ∈ Rn−m×Rm×
Rn−m × L∞loc(R+;Rm), the solution of (6.27) with
ż(t) = Fz(t) +H(y(t) + v(t))
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with initial condition (xR(0), xM(0), z(0)) = (xR,0, xM,0, z0) corresponding to v ∈ L∞loc(R+;Rm)
satisfies the estimates for i = 1, 2, . . . ,m




































where K1, K2 > 0 are constants such that K1|x|2 6 x′Px 6 K2|x|2 for all x ∈ Rn−m, and Ai21,
Ai22 are the i-th row of the matrices A21, A22 respectively. We conclude from Theorem 3 that the
following system
ż(t) = Fz(t) +Hw(t), t ∈ [tk, tk+1)









is a robust multi-rate sampled-data observer for system (6.27) with respect to measurement errors



















+ |T−1R TM |
)
< 1 (6.33)
Remark 23. It seems that one of the conditions in Theorem 3, i.e., 3rCim < 1, becomes harder to
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satisfy as the number of outputs m increases. However, this is not always true. From the condition
3rCim < 1, it can be seen that the maximum sampling period does not only depend on the number
of outputs, but also depends on the constants Ci in the estimate (6.12) of a robust observer. As m
increases, the dynamics of a continuous-time observer will become different from the one with less
outputs. It is possible that the maximum sampling period increases as m increases.
A fourth-order linear system will be discussed where the maximum sampling period with three
asynchronous discrete outputs is actually larger than the one with two outputs. Consider a linear
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1. Case I (m = 2): There are two asynchronous measurements that measure x3 and x4 at




 , H =
1 2
1 1




K1 = K2 = 1, δ = 8.34, α = 0.6
Inequalities (6.32) and (6.33) are satisfied with the maximum sampling period r < 0.005.
2. Case II (m = 3): There are three asynchronous measurements that measure x2, x3 and x4
at discrete time instants. Inequality (6.30) holds with the following parameters




, P = K1 = K2 = 1,
δ = 2.913, α = 0.515
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Inequalities (6.32) and (6.33) are satisfied with the maximum sampling period r < 0.008.
However, the relationship between r and Ci is very complicated even in linear systems as seen
in (6.32) and (6.33). The maximum sampling period given by Theorem 3 is a sufficient condition
which is very conservative. The stability and robustness properties of a multi-rate observer can be
maintained under much larger sampling period.

















j), j ∈ Z+
y2(t2j) = x3(t
2
j), j ∈ Z+
(6.34)
where x2 and x3 are sampled with different sampling rates. A reduced-order Luenberger observer is




. Inequality (6.30) holds true with P = K1 = K2 = 3, α = 1,
δ = 7.5. It is concluded from (6.32), (6.33) that there exists a multi-rate sampled-data observer for
system (6.34) given that the maximum sampling period r < 0.039. Notice that conditions (6.32),
(6.33) are very conservative. Indeed, simulations show the stability and robustness of the multi-rate
observer will be preserved under much larger sampling period. The actual sampling subsequences
of y1 and y2 are as follows
t1j = {0.40, 2.15, 4.05, 5.88, 7.70},
t2j = {0.20, 1.07, 2.17, 3.02, 4.07, 5.13, 6.20, 7.07}
where perturbations in the sampling schedule are considered.





, x̂1(0) = −0.5, w1(0) = 3, w2(0) = −7.2. It is clear that the
multi-rate observer provides reliable estimation of the state.
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Figure 6.2: (a) Comparison of the multi-rate sampled-data observer with a continuous-time ob-
server using continuous measurements for system (6.34); (b),(c) Performance of the inter-sample
output predictors for the sampled measurements y1 and y2 respectively for system (6.34).
6.4.2 A Batch Chemical Reactor
Consider an isothermal batch reactor, where the following series reactions are taking place
M → P
2P → Q→ R
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The reaction rates of M , P and Q are assumed to be
rM = −k1CM
rP = k1CM − k2CP 2
rQ = k2CP
2 − k3CQ
where k1 = 0.4 h−1, k2 = 1 L/(mol·h), and k3 = 0.5 h−1. The concentrations of P and Q can be
measured by on-line analytical instruments, with different sampling rates. Let x1, x2, x3 represent
the concentrations of M , P and Q respectively. The state-space model is given by
ẋ1(t) = f1(x1, x2, x3) = −0.4x1(t)
ẋ2(t) = f2(x1, x2, x3) = 0.4x1(t)− x22(t)





j), j ∈ Z+
y2(t2j) = x3(t
2
j), j ∈ Z+
(6.35)
There exists only one equilibrium point xe = (0, 0, 0). The eigenvalues of the linearized system
around xe are 0, −0.4 and −0.5, respectively, which indicate that the equilibrium point is locally
asymptotically stable. Sampling normally occurs every 0.4 h for y1 and every 0.5 h for y2. How-
ever, perturbations in the sampling schedule are considered and the actual sampling subsequences
of y1 and y2 are as follows
t1j = {0.38, 0.79, 1.23, 1.60, 1.98, 2.41, 2.82, 3.20},
t2j = {0.50, 0.99, 1.52, 2.01, 2.48, 3.01, 3.52, 4.01}
A continuous-time observer, which serves as the basis of the multi-rate sampled-data observer,
will be designed by using the exact error linearization method (see [148] for the full-order observer
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formulation, and [4] for the reduced-order observer formulation) as follows





















which admits a global solution
T (x) = −0.25x1 + x2 + x3
which is solvable with respect to the unmeasured state x1.
We design a multi-rate sampled-data observer based on (6.4) and the performance is illustrated




, x̂1(0) = 1.5, w1(0) = 0.6, w2(0) =
0.1. Figure 6.3(a) shows that the speed of convergence of the multi-rate sampled-data observer and
the continuous-time observer is comparable under the selected design parameters. From Figures
6.3(b) and (c), the inter-sample output predictors are able to predict the inter-sample behavior with
high accuracy after a few samplings by using model-based prediction.
6.4.3 A Numerical Example
In this section, the performance of the proposed multi-rate sampled-data observer is illustrated
through a third-order example, in the presence of two asynchronous sampled measurements. Con-
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Figure 6.3: (a) Comparison of the multi-rate sampled-data observer with a continuous-time ob-
server using continuous measurements for system (6.35); (b),(c) Performance of the inter-sample
output predictors for the sampled measurements y1 and y2 respectively for system (6.35).
sider the following state-space model
ẋ1(t) = f1(x1, x2, x3) = −x1(t)x2(t)− x1(t)x3(t) + x2(t)x3(t) + 9x2(t) + 3x3(t)
ẋ2(t) = f2(x1, x2, x3) = −x1(t)− x2(t)
ẋ3(t) = f3(x1, x2, x3) = −x1(t)
y1(t1j) = x2(t
1
j), j ∈ Z+
y2(t2j) = x3(t
2
j), j ∈ Z+
(6.36)
There exists only one equilibrium point xe = (0, 0, 0). The eigenvalues of the linearized system
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around xe are −0.254 and −0.373± 3.416i, respectively, which indicate that the equilibrium point
is locally asymptotically stable. Sampling normally takes place every 0.4 h for y1 and every 0.5 h
for y2. Perturbations in the sampling schedule are considered and the actual sampling subsequences
of y1 and y2 are as follows
t1j = {0.38, 0.79, 1.23, 1.60, 1.98, 2.41, 2.82, 3.20},
t2j = {0.50, 0.99, 1.52, 2.01, 2.48, 3.01, 3.52, 4.01}
A continuous-time observer, which serves as the basis of the multi-rate sampled-data observer,
will be designed by using the exact error linearization method (see [148] for the full-order observer
formulation, and [4] for the reduced-order observer formulation) as follows





















which admits a global solution
T (x1, x2, x3) = x2x3 − x1 − x2 − x3
which is solvable with respect to the unmeasured state x1.
We design a multi-rate sampled-data observer based on (6.4) and the performance is illustrated




, x̂1(0) = −6, w1(0) = 0, w2(0) =
3. Figure 6.4(a) shows that the speed of convergence of the multi-rate sampled-data observer and
the continuous-time observer is comparable under the selected design parameters. From Figures
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6.4(b) and (c), the inter-sample output predictors are able to predict the inter-sample behavior with
high accuracy after a few samplings by using model-based prediction.
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Figure 6.4: (a) Comparison of the multi-rate sampled-data observer with a continuous-time ob-
server using continuous measurements for system (6.36); (b),(c) Performance of the inter-sample
output predictors for the sampled measurements y1 and y2 respectively for system (6.36).
6.5 Conclusions
This chapter develops a design method for nonlinear multi-rate sampled-data observer based on
an available continuous-time design, coupled with inter-sample predictors. The main contributions
are: (i) the input-to-output stability property is established for the estimation errors and prediction
errors with respect to measurement errors; (ii) the multi-rate design can handle non-uniform and
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asynchronous sampling without any assumption on the ratio of sampling periods to be an integer,
as seen in the oscillator and nonlinear examples; (iii) as long as the maximum sampling period does
not exceed a certain limit, the error dynamics of the proposed multi-rate observer is input-to-output
stable, irrespective of perturbations in the sampling schedule. (ii) and (iii) are the major advantages
of the proposed hybrid observer over an approximate discrete-time observer. Checkable sufficient
conditions for stability and robustness are derived for linear detectable systems.
The theoretical framework of this study refers to a global observer design. For general nonlin-
ear systems, a local observer formulation is of great interest, subject to future research. In addition,
measurement delay will be considered in nonlinear multi-rate observer design in Chapter 7.
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7. MULTI-RATE OBSERVER DESIGN IN NONLINEAR SYSTEMS WITH
MEASUREMENT DELAY
In Chapter 6, we developed a robust multi-rate observer design method for nonlinear systems in
the presence of asynchronous sampling. In this chapter, measurement delays are accounted for in
the observer design. Motivated by dead time compensation algorithms in [305,306], the multi-rate
multi-delay observer design is approached in a two-step manner, which is similar to the multi-rate
multi-delay observer design for linear systems developed in Chapter 4. First, a multi-rate observer
design of Chapter 6 is adopted as a starting point and estimates of the current state are obtained in
the time interval between consecutive delayed measurements. Second, a dead time compensation
approach is developed to compensate for the effect of delay and update the past estimates when a
delayed measurement arrives. It is shown that stability of the multi-rate observer will be preserved
under nonconstant, arbitrarily large delays, in the absence of measurement errors. A nonlinear gas-
phase polyethylene reactor example demonstrates good performance of the multi-rate multi-delay
observer under nonuniform sampling and nonconstant delays. There are two attractive features of
the proposed approach: it inherits the stability property from a multi-rate observer in the absence
of measurement errors and convergence is not affected by nonconstant delays. Notice that input
delay and state delay are not in the scope of this study.
This chapter is organized as follows. In Section 7.1, a brief summary of the theoretical results
presented in Chapter 6 on a nonlinear delay-free multi-rate observer is provided. In Section 7.2, a
dead time compensation approach is proposed to handle measurement delays and stability analysis
is conducted. The applicability and effectiveness of the observer is examined through a gas-phase
polyethylene reactor example in Section 7.3 where we directly cope with the process nonlinearities




The notations in Section 6.2 are adopted throughout this chapter. This section outlines the main
results in [309] on multi-rate observer design for nonlinear systems under asynchronous sampling,
in the absence of measurement delays. It is based on a continuous-time design coupled with inter-
sample output predictors. The stability and robustness properties of the observer will be reviewed.
The delay-free multi-rate observer design serves as a point of departure when measurement delays
are considered in the next section.
7.1.1 Delay-Free Multi-Rate Observer Design
A reduced-order observer design is preferred for multi-output systems, as lower dimensionality
can ease implementation of the observer. In addition, continuous estimates of the sampled outputs
in each sampling interval can be reconstructed from the inter-sample predictors. Hence, a reduced-
order observer formulation will be the focus of this work.
Consider a nonlinear forward complete system with continuous outputs, where without loss of
generality, the outputs are assumed to be a part of the state
ẋR(t) = fR(xR(t), xM(t))
ẋM(t) = fM(xR(t), xM(t))
y(t) = xM(t) + v(t)
(7.1)
where xR ∈ Rn−m is the unmeasured state, xM ∈ Rm is the remaining state that can be measured, y
is the continuous outputs subject to measurement errors v ∈ L∞loc(R+;Rm), and fR ∈ C1(Rn−m ×
Rm;Rn−m), fM ∈ C1(Rn−m × Rm;Rm) with fR(0, 0) = 0, fM(0, 0) = 0.
Suppose that there exists a robust observer for system (7.1) with respect to measurement errors,
in the sense of Definition 1 of Section 6.2
ż(t) = F (z(t), y(t))
x̂R(t) = Ψ(z(t), y(t))
(7.2)
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where z ∈ Rk is the observer state, x̂R ∈ Rn−m is the state estimates, and F ∈ C1(Rk × Rm;Rk),
Ψ ∈ C1(Rk × Rm;Rn−m) with F (0, 0) = 0, Ψ(0, 0) = 0. In other words, there exist functions
σ ∈ KL, γ, p ∈ N1, µ ∈ K+ and a ∈ K∞ such that for every (xR,0, xM,0, z0, v) ∈ Rn−m ×
Rm×Rk×L∞loc(R+;Rm), the solution (xR(t), xM(t), z(t)) of (7.1) and (7.2) with initial condition
(xR(0), xM(0), z(0)) = (xR,0, xM,0, z0) corresponding to v ∈ L∞loc(R+;Rm) exists for all t > 0
and satisfies the following estimates
|x̂R(t)− xR(t)| 6 σ(|(xR,0, xM,0, z0)|, t) + γ(‖v(t)‖U), ∀t > 0 (7.3a)
|z(t)| 6 µ(t)[a(|(xR,0, xM,0, z0)|) + p(‖v(t)‖U)], ∀t > 0 (7.3b)
Next we present a robust multi-rate sampled-data observer design with respect to measurement
errors for a multi-rate system. Consider system (7.1) with asynchronous, sampled outputs
ẋR(t) = fR(xR(t), xM(t))






i(tij), j ∈ Z+, i = 1, 2, . . . ,m
(7.4)
where tij denotes the j-th sampling time for the state x
i
M , at some sequence of time instants S =
{tk}∞k=0. The sampling times of each sensor are not necessarily uniformly spaced, but satisfying
0 < tij+1 − tij 6 r for all j ∈ Z+, where r is the maximum sampling period among all the sensors.
There is a one-to-one mapping from {tij : j ∈ Z+, i = 1, 2, . . . ,m} to {tk}∞k=0.
Consider a multi-rate sampled-data observer design of the following form
ż(t) = F (z(t), w(t)), t ∈ [tk, tk+1)
ẇ(t) = fM(Ψ(z(t), w(t)), w(t)), t ∈ [tk, tk+1)
wi(tk+1) = y
i(tk+1)
tk+1 = tk + rd(tk)
x̂R(t) = Ψ(z(t), w(t))
(7.5)
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wherew ∈ Rm is the predicted outputs, d ∈ L∞loc(R+; [0, 1]) generates the actual sampling schedule
which is allowed to be time-varying. This multi-rate observer design consists of a continuous-time
observer coupled with m inter-sample predictors. Therefore, the existence of a robust continuous-
time observer (7.2) is a prerequisite for the observer design in a multi-rate system. The inter-sample
predictors continuously generate estimates of the sampled outputs in each sampling interval. wi(t)
will get reinitialized once a new measurement yi(tk+1) becomes available, whereas the rest of the
predictor states do not change until their measurements are obtained.
The multi-rate design offers two attractive features: (i) a continuous-time observer design from
the literature can be reused in the context of a multi-rate design by coupling with predictors; (ii)
the unmeasured state is reconstructed from the observer, and continuous estimates of the sampled
outputs are reconstructed from the inter-sample predictors. It was seen in [52] that the model-based
prediction offers a more meaningful approach to approximate the inter-sample behavior compared
with a sample-and-hold strategy, especially under large sampling period.
Suppose that there exists a robust continuous-time observer (7.2) for system (7.1) with respect
to measurement errors. Moreover, suppose that there exist constantsCi > 0 and functions σ̄i ∈ KL
for all i = 1, 2, . . . ,m, such that for every (xR,0, xM,0, z0, v) ∈ Rn−m×Rm×Rk ×L∞loc(R+;Rm),
the solution (xR(t), xM(t), z(t)) of the overall system (i.e., the continuous-time system (7.1) and
robust observer (7.2)) with initial condition (xR(0), xM(0), z(0)) = (xR,0, xM,0, z0) corresponding
to v ∈ L∞loc(R+;Rm) exists for all t > 0 and satisfies the following estimate
|f iM(Ψ(z(t), xM(t) + v(t)), xM(t) + v(t))− f iM(xR(t), xM(t))|
6 σ̄i(|(xR,0, xM,0, z0)|, t) + Ci ‖v(t)‖U , ∀t > 0
(7.6)
In addition, suppose that (i) 3rCim < 1 for i = 1, 2, . . . ,m; (ii) 3γ(ms) < s for all s > 0, where
γ ∈ N1 is the gain function in the estimate (7.3a) of the robust observer.
If the above properties are satisfied in a continuous-time observer design, it can be proved that
(7.5) is a robust multi-rate sampled-data observer for (7.4) with respect to measurement errors. In
other words, there exist functions σ̃R, σ̃M ∈ KL, γ̃R, γ̃M , p̃ ∈ N1, µ̃ ∈ K+ and ã ∈ K∞ such that
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for every (xR,0, xM,0, z0, w0, d, v) ∈ Rn−m × Rm × Rk × Rm × L∞loc(R+; [0, 1]) × L∞loc(R+;Rm),
the solution (xR(t), xM(t), z(t), w(t)) of the overall system of (7.4) and (7.5) with initial condition
(xR(0), xM(0), z(0), w(0)) = (xR,0, xM,0, z0, w0) corresponding to d ∈ L∞loc(R+; [0, 1]) and v ∈
L∞loc(R+;Rm) satisfies the following estimates
|x̂R(t)− xR(t)| 6 σ̃R(|(xR,0, xM,0, z0, w0)|, t) + γ̃R(‖v(t)‖U), ∀t > 0 (7.7a)
|w(t)− xM(t)| 6 σ̃M(|(xR,0, xM,0, z0, w0)|, t) + γ̃M(‖v(t)‖U), ∀t > 0 (7.7b)
|(z(t), w(t))| 6 µ̃(t)[ã(|(xR,0, xM,0, z0, w0)|) + p̃(‖v(t)‖U)], ∀t > 0 (7.7c)
The input-to-output stability property has been established for the observer and predictor errors
of the overall system with respect to measurement noises, by applying the Karafyllis-Jiang vector
small-gain theorem (see detailed proof in Section 6.3). In addition, the multi-rate design provides
robustness with respect to perturbations in the sampling schedule.
7.2 Main Results
In this section, an available multi-rate observer design (7.5) is the starting point. Similar to the
multi-rate multi-delay observer in linear systems, a dead time compensation algorithm is proposed
to handle possible measurement delays. Measurement errors are not considered (i.e., v ≡ 0) in the
system. It is shown that the multi-rate multi-delay observer is asymptotically stable in the presence
of nonconstant and arbitrarily large delays.
7.2.1 Proposed Multi-Rate Multi-Delay Observer Design
Consider a multi-rate system (7.4) with possible delays in the outputs yi(tij) for all j ∈ Z+, i =
1, 2, . . . ,m, in the absence of measurement errors
ẋR(t) = fR(xR(t), xM(t))








where tij denotes the time when the j-th measurement of x
i
M becomes available after some possible
delay δij > 0. In other words, the measured output y
i(tij) is a function of the state x
i
M at time t
i
j−δij .
The measurement delay δij is not constant but is assumed bounded by a positive real number ∆.
Notice that δij = 0 if there is no delay in the output y
i. Similar to the multi-rate system of Equation
(7.4), the sampling times of each measurement are not necessarily uniformly spaced, but satisfying
0 <
∣∣(tij′ − δij′)− (tij − δij)∣∣ 6 r for any consecutive sampling instants.
The proposed observer for the system (7.4) with multiple measurement delays is based on the
multi-rate observer design (7.5) combined with dead time compensation. As depicted in Figure 4.1
(notice the continuous outputs are not considered), the estimation process is composed of two steps.
First, dead time compensation will be triggered once a delayed measurement is obtained at tij . Past
estimates are recalculated by integrating the observer and compensator equations from tij − δij to
tij . Any available measurement can be used as a delay-free output to reinitialize the corresponding
compensator at its sampling time. The estimates of the current state at tij are consequently updated
at the end of the compensation. This step ensures that these available measurements are used in the
observer without delay, in the same order as they are sampled. Second, the updated estimates are
used as the initial condition of the observer and the inter-sample output predictors at tij . The multi-
rate multi-delay observer operates like a delay-free multi-rate observer when there is no delayed
measurement.
When a sampled and delayed measurement becomes available at tij , dead time compensation is
performed to update the past estimates. For all t ∈ [tij − δij, tij) where δij 6= 0, the following design
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of a multi-rate observer with dead time compensation is proposed
ż(t) = F (z(t), w(t)) (7.9a)
ẇ(t) = fM(Ψ(z(t), w(t)), w(t)) (7.9b)
















j′) ∈ [tij − δij, tij) (7.9d)
x̂R(t) = Ψ(z(t), w(t)) (7.9e)
where w ∈ Rm is the compensator state representing the past estimates for xM(t). From (7.9c), it
shows the reinitialization step of the i-th dead time compensator by using the delayed measurement
yi(tij) at its sampling time t
i
j − δij . The outputs that are sampled and measured between tij − δij and
tij can be used to reset the compensators at their respective sampling times, as seen in (7.9d).
Remark 24. The observer state z(t), compensator state w(t), and sampled outputs yi′ in (7.9) all
represent the past information in the system throughout the dead time compensation, which need
to be stored in a buffer. Notice that the past estimates are generated for the purpose of correcting
the state estimates at tij and therefore improving the estimation accuracy afterwards. The memory
size of the buffer will be finite as long as the upper bound of the measurement delay ∆ is finite, as
will be discussed later.
Once the estimates at tij are obtained after the dead time compensation, inter-sample prediction
comes into play in the time interval between two consecutive measurements at tij and t
i′
j′ . For all
t ∈ [tij, ti
′
j′), the multi-rate multi-delay observer follows
ż(t) = F (z(t), w(t))
ẇ(t) = fM(Ψ(z(t), w(t)), w(t))
x̂R(t) = Ψ(z(t), w(t))
(7.10)
where w ∈ Rm is the predicted outputs for the sampled measurements yi in the sampling interval.
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These predictors estimate the evolution of the sampled outputs, in the same spirit as in a delay-free
multi-rate observer. If an undelayed measurement is available at tij , the inter-sample prediction will
run immediately after reinitialization, and no dead time compensation will be needed. Algorithm
2 summarizes the estimation process of the proposed multi-rate multi-delay observer.
Algorithm 2 Algorithm for Nonlinear Multi-rate Multi-delay Observer
STEP 0: Initialize z(t0), w(t0), and solve Equation (7.10) for [t0, tij).
STEP 1: Calculate z(t) and w(t) when a sampled measurement becomes available at tij .
if δij > 0 then
Solve Equation (7.9) for [tij − δij, tij) and update z(tij), w(tij). . Dead time compensation
end if
Reinitialize Equation (7.10) with z(tij), w(t
i




j′). . Inter-sample prediction
STEP 2: Set tij = ti
′
j′ and go to Step 1.
7.2.2 Stability Analysis
Past estimates are recalculated in the dead time compensation once a sampled, delayed mea-
surement becomes available. Estimates at certain times may be calculated more than once, if the
measurement order differs from the sampling order. We name the last updated estimates obtained
from the multi-rate multi-delay observer “final estimates”. We denote t̃ the most-recent sampling
time where the measurements of all the samples taken before t̃ (including t̃) are available. It im-
plies that the final estimates are obtained for all t 6 t̃. Because the measurements are used in the
same order as the way they are sampled when calculating the final estimates, the final estimates
z(t), w(t) and x̂R(t) for all t 6 t̃ in the multi-rate multi-delay observer are identical to those in a
delay-free multi-rate observer, under the same design parameters. Once the final estimates at t̃ are
obtained, all the stored measurements that are sampled before t̃ can be cleared from the buffer.
Despite the fact that the estimation process depicted in Figure 4.1 involves two steps, stability
of the multi-rate multi-delay observer will be presented in a unified manner, as the essence of both
compensation and prediction is to predict the dynamic model forward.
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It is straightforward to show that the estimates and predicted outputs are bounded for all t > 0.
The fact that the system (7.1) is forward complete implies the existence of functions µ ∈ K+ and
a ∈ K∞ such that for every (xR,0, xM,0) ∈ Rn−m × Rm, the solution (xR(t), xM(t)) of (7.1) with
initial condition (xR(0), xM(0)) = (xR,0, xM,0) exists for all t > 0 and satisfies
|(xR(t), xM(t))| 6 µ(t)a(|(xR,0, xM,0)|) (7.11)
Obviously, |(x̂R(t), w(t))| will be bounded before the first measurement becomes available as the
initial condition of the observer is finite. After the first measurement, the estimates in the compen-
sation (or prediction) will be generated by forward predicting the model from t̃with reinitialization
at some sampling times. The estimates at t̃ are identical to those in a delay-free multi-rate observer,
which are bounded from (7.7a) and (7.7b). Therefore, |(x̂R(t), w(t))| is bounded for all t > t̃.
Because of the previous assumption that the measurement delay in the system (7.8) has a finite
upper bound, t̃ will approach infinity as t goes to infinity. From (7.7a) and (7.7b), we have
lim
t̃→+∞
x̂R(t̃) = xR(t̃) (7.12a)
lim
t̃→+∞
w(t̃) = xM(t̃) (7.12b)
Hence, the observer can accurately estimate the actual state in the compensation and prediction as
t goes to infinity, in the absence of measurement errors. Reinitialization in the compensation does
not affect the convergence property.
An attractive feature of the approach is that it can handle the situation where the delayed mea-
surement sequence is not in the same order as the sampling sequence.
Remark 25. The proposed dead time compensation approach can be applied to a multi-rate full-
order observer formulation, under appropriate modifications.
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7.3 A Gas-Phase Polyethylene Reactor
The application of a multi-rate multi-delay observer is then explored in an industrial gas-phase
polyethylene reactor (see Figure 3.3), where the measurement delays of on-line gas chromatogra-
phy and off-line lab analysis will be accounted for. In this reactor, the polymerization takes place
at the interface between the solid catalyst and the polymer matrix. The feed to the reactor, which
consists of ethylene, comonomers, hydrogen, and inerts, provides the fluidization by using a high
rate of gas recycle. Ziegler-Natta catalysts are fed continuously to the reactor. The heat generated
from the exothermic reaction is removed through a heat exchanger. The product, polyethylene,
discharges near the base of the reactor as solid powder.
In the operating range of industrial interest, the fluidized-bed reactor in Figure 3.3 can often
be modeled as a single-phase, well-mixed CSTR [215]. For simplicity, it is assumed that there is
only one type of active catalyst sites [227]. The mathematical model for this reactor can be found
in Section 4.4. The definitions of all the variables in Equations (4.17), (4.18) and the values of the
process parameters are listed in Tables 3.1 and 3.2 in Section 3.4.
As for outputs, the reactor temperature is continuously measured on line without delay. The
gas concentrations of inerts, ethylene, comonomer and hydrogen are normally sampled every 20
min and measured by using on-line gas chromatography, which induces about 8 min delay caused
by sample preparation (2.5 min), analysis (4 min), and computer calculation (1.5 min) [307]. In
addition, the off-line lab analysis of melt index and density is normally sampled every 40 min with
60 min delay, which provides quality information of the polyethylene [222]. During the reaction,
the active catalyst site may become inactive due to spontaneous decay and adsorption of impurities,
which forms dead site and dead polymer chains. Because of the difficulty in measuring the amount
of active catalyst sites in the reactor, it is necessary to monitor this quantity from a reliable on-line
soft sensor. Providing continuous and reliable estimates for the inter-sample dynamic behavior of
these sampled outputs is also significant for quality control and monitoring.
A continuous-time observer, which serves as the basis of the multi-rate multi-delay observer,
will be designed by using the exact error linearization method (see [148] for the full-order observer
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formulation, and [4] for the reduced-order observer formulation) as follows
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fM(x) = AT (x) +BxM
It is possible to calculate the solution T (x) in the form of a multivariate Taylor series around the
steady state. The truncation order is set to N = 4 when solving the system of linear PDEs.
It is assumed that the first sample of gas chromatography is taken at t = 5 min and the first
sample of lab analysis is taken at t = 10 min. Perturbations in the sampling schedule and noncon-
stant measurement delays are considered in the simulation. The actual sampling schedule and their
corresponding measurement delays are given in Table 7.1. Note that the measurement delay of gas
chromatography is smaller than its sampling period, whereas the delay of lab analysis is relatively
larger. The initial conditions of the process and the observer are given in Table 4.4.
Gas chromatography
Sampling (min) 5 23 43 62.5 81.5 102 122 140
Delay (min) 8.0 8.7 8.5 7.5 8.0 8.0 8.2 7.8
Sampling (min) 161.5 179.5 199.5 219 238 258.5 278.5 300.5
Delay (min) 8.5 8.3 8.0 8.2 7.7 8.0 8.0 8.3
Lab analysis
Sampling (min) 10 48 93 134 170 210 248 288
Delay (min) 60 56 62.8 66.3 54.5 60 60.5 66.7
Table 7.1: Actual sampling schedule and measurement delays in the gas-phase polyethylene reactor
example.
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The performance of multi-rate multi-delay observer is shown in Figure 7.1, where it is com-
pared with a multi-rate observer in the absence of measurement delays with the same design pa-
rameters. Figure 7.1(a) shows that the estimate from the multi-rate multi-delay observer has ap-
proximately the same convergence rate as that from the multi-rate design. Figures 7.1(b)-(f) show
the evolution of estimated outputs obtained from inter-sample predictors and in this way, the inter-
sample behavior can be reconstructed under nonuniform sampling schedule. When a sampled and
delayed measurement arrives, dead time compensation is performed by integrating Equation (7.9)
from sampling time to current time and therefore the estimates will get updated, which explains the
impulsive behavior. The multi-rate multi-delay observer design (7.9)&(7.10) provides reliable esti-
mation results. In the presence of multiple measurements, the reduced-order observer formulation
is preferred because the dimension would be significantly lower than the full-order formulation.
Figure 7.1: Comparison of the multi-rate multi-delay observer (red) and the multi-rate observer in




The present chapter proposes a design method for multi-rate multi-delay observers in nonlinear
systems. It is based on an available multi-rate observer design combined with dead time compen-
sation, where asynchronous and sampled measurements, in the presence of possible measurement
delays, are accounted for. The estimation process has two steps: (i) dead time compensation when
a delayed measurement becomes available and the current estimates are updated; (ii) inter-sample
prediction in the time interval between consecutive delayed measurements. Two attractive features
of the proposed observer are that it inherits the stability property from a delay-free multi-rate ob-
server and it can handle nonconstant and arbitrarily large delays, in the absence of measurement
errors. Unlike the chain observers in the literature where a high dimensionality may be required
in the case of large delays, the proposed observer has the same dimension as a multi-rate observer
for a delay-free system. From the case study, we see that the multi-rate multi-delay observer can
provide reliable estimation results. The presence of delays in the measurements inevitably slows
down convergence of the observer.
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8. CONCLUSIONS AND FUTURE RESEARCH DIRECTIONS
State observer design is a vast and rapidly growing research field with potential applications to
process monitoring, controller synthesis, and fault detection and identification. While this disser-
tation focuses on only a subset of the theory and applications of observer design, it accomplishes a
goal of furthering the algorithms and applicability of observer design by enabling the utilization of
all available on-line measurements and demonstrates its usefulness in a polymerization reactor con-
text. Motivated by practical needs of monitoring chemical processes, this dissertation addressed
the problem of multi-rate multi-delay observer design in linear and nonlinear systems and stability
analysis was carried out based on Lyapunov’s stability theory and the vector small-gain theorem,
respectively.
Chapter 2 presented an application of a nonlinear observer for monitoring degree of polymer-
ization in a series of PET polycondensation reactors in the presence of a continuous measurement
and a sampled, delayed measurement. By exploiting the special LBT structure of the system, the
complexity of the state dependence of the observer gains was reduced. Inter-sample prediction and
dead time compensation were used to handle the sampled, delayed measurement. From simulation,
it was shown that the observer can provide good estimates in the presence of sensor noise. But the
problem of multi-rate observer design was bypassed because the discrete measurement was not an
input for the continuous-time observer.
Chapter 3 developed a design method for multi-rate observers in linear multi-output systems,
considering both continuous and discrete measurements with asynchronous sampling. It was based
on an available continuous-time Luenberger observer design coupled with inter-sample predictors
for the sampled measurements. The stability analysis was carried out based on Lyapunov’s second
method and it was concluded that the error dynamics of the multi-rate observer will be exponential
stable as long as the sampling period is sufficiently small. Sufficient and explicit conditions were
provided, in terms of maximum sampling period, to guarantee exponential stability, irrespective of
perturbations in the sampling schedule. A gas-phase polyethylene reactor example demonstrated
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the applicability of the proposed method in a linear context.
Another important characteristic of the process outputs is time delay which was accounted for
in Chapter 4. A design method of multi-rate multi-delay observers in linear systems was developed
based on an available multi-rate observer design proposed in Chapter 3 combined with dead time
compensation. Two attractive features of the observer are that it inherits stability from a delay-free
multi-rate observer and it can handle nonconstant, arbitrarily large measurement delays. The two
case studies of Chapter 3 were reconsidered in the presence of delays and it can be seen that the
multi-rate multi-delay observer provided reliable estimation results.
The previous chapters focused on the problem of incorporating different types of measurements
in the observer design, for prescribed eigenvalues of the error dynamics. In Chapter 5, a rigorous
approach for observer gain selection was developed so that a compromise can be reached between
the effect of modeling error on the accuracy of state estimates and the effect of measurement error
on the accuracy of state estimates, by optimizing a performance index. The effects of modeling er-
ror and measurement error were evaluated by studying the response of the observer error dynamics
to a unit impulse function. This approach was demonstrated through two classes of linear systems
with single-rate measurements and with fast and slow measurements, respectively. It is possible to
generalize the optimal observer design to a broader class of multi-rate systems.
Chapter 6 presented a design method for multi-rate observers in nonlinear systems under asyn-
chronous sampling. It was based on an available continuous-time design coupled with inter-sample
predictors for the sampled measurements. The input-to-output stability was established for the es-
timation/prediction errors with respect to measurement errors using the vector small-gain theorem.
Moreover, the multi-rate design provided robustness with respect to perturbations in the sampling
schedule. The applicability of the proposed method was seen through various example problems.
Multi-rate multi-delay observer in nonlinear systems was studied in Chapter 7. It was based on
an available multi-rate observer design combined with dead time compensation, in the same spirit
as the linear multi-rate multi-delay observer in Chapter 4. It inherited the stability property from a
delay-free multi-rate observer in the absence of measurement errors. The gas-phase polyethylene
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reactor example was reconsidered in the presence of measurement delays where reliable estimation
results were demonstrated through simulation.
To this extent, this dissertation presents developments in the field of state estimation by provid-
ing the theoretical advances in multi-rate multi-delay state observer design, and several simulation
examples with focus on polymerization reactors. It is the author’s hope that the multi-rate observer
framework may assist in the implementation of state observers for process monitoring in the future.
In particular, some key areas for future work will be discussed to conclude this dissertation, as they
flow naturally out of the specific developments explored to this point.
8.1 Future Work
The theoretical developments of multi-rate observers in linear and nonlinear systems provided
sufficient stability conditions in terms of maximum sampling period, which were shown to be very
conservative. It is desirable to find a tighter bound which would help to select appropriate sensors
for particular systems and predetermine the nominal sampling rate for each sensor. Other stability
tools may be required in the analysis.
Optimal multi-rate observer design was studied in linear systems in Chapter 5, along the same
line as optimal feedback controller tuning. Future research efforts may focus on optimal multi-rate
observer design in nonlinear systems. A systematic approach for the optimal selection of controller
parameters was proposed in [336], in the sense of minimizing a performance index calculated as a
function of the controller parameters by solving Zubov’s PDE. Standard optimization techniques
were then employed to find the optimal values of the controller parameters. There is clearly poten-
tial to extend the methodology to the optimal selection of design parameters in nonlinear multi-rate
observer.
It was assumed in this dissertation that a perfect model is always available in the development of
multi-rate multi-delay observers. In practice, model and parameter uncertainties are very common
even in a well-developed process model. It is desirable to study the response of multi-rate observer
affected by model and parameter uncertainties, both from a theory and application perspective. In
addition, it is of great interest to test the multi-rate multi-delay observer on a meaningful lab-scale
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process with experimental data. In this way, observer performance can be evaluated in the presence
of measurement errors, model and parameter uncertainties, and disturbances.
This dissertation investigated the model-based approach for process monitoring where the mea-
surements considered are functions of the state variables. However, a large amount of data recorded
in the process industry cannot be represented in terms of state variables of a first-principle model.
For example, visual appearance is an important feature in the quality assessment of chemical and
pharmaceutical products. An image contains essential information on product morphology, shape,
size and color. It would be beneficial to incorporate this kind of information into the process mon-
itoring scheme by developing automatic machine-based image analysis systems. It is believed that
the hybrid approach would overcome the limitations from a standalone model-based or data-driven
approach.
In Chapter 7, the proposed multi-rate sampled-data observer was developed for an autonomous
nonlinear system. A multi-rate observer design method for non-autonomous systems may be con-
sidered as a future research direction, where the input variable enters the system’s equations in an
explicit way. In such a case, a new set of sufficient conditions for the solution of the above problem
should be developed.
Finally, another interesting future research direction might be devoted to the study of coupling
the proposed nonlinear multi-rate observer with a state feedback controller, and to study the result-
ing closed-loop properties. Separation principle does not hold any longer in nonlinear systems (at
least very restrictive) and thus, the design of state feedback and the design of state observer cannot
be performed independently. This problem is of considerable theoretical and practical merits.
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